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- adapting the Military Standard 105C
va.pplicatioms. In all three of these elements of the study and the

FOREWORD

This technical report preéents a’'proposed acéeptance-sampling
procedure together with related sampling-inspection plans for the

evalustion of lot quality in terms of the instantaneous failure rate

or hazard rate as a function of time. The Weibull distribution,
including the exponential distribution as a special case, is used as
the underlying lifelength model. The report has been prepared to
supplement the procedures and tables of sampling plans for use when
lot quality is to be ewaluated in terms of mean item life which have
been presented in Department of Defense’ Teig.nical Report No. 3,15
and have also been discussed elsewhere.ls 19, 21 Tme study upon
which this report is based was done at Cornell University under a
contract sponsored by the Office of Naval Research.

The procedures and plans are for use when inspection of the sample
items 1s by attributes with life testing truncated at some specified
time. A set of conversion factors has been prepared from which attribute
sampling-inspection plans of anmy desired form may be designed or from
which the operating characteristics of any specified plan msy be
determined. A comprehensive set of Weibull sampling-inspection plans
has a180 been compiled and included, as well as tables of products for

20 to life testing and reliability

report, the exponential model has been included as a special case.

As in the case of the previous report, both the procedures and the
Plans are for use in cases for which the value for the Weibull shape
parameter is known or can be assumed. Conversion tables and peges of
Plens have been provided for a wide range of values for this parameter.

Henry P. Goode

John H. K. Kao

Department of Industrial and Engineer-:
ing Administration, Sibley School of
Mechanical Engineering, Cornell
University.
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SECTION 1
INTRODUCTION

1.1 Sﬁmmary

This téchnical repoft outlines an acceptance~sampling procedure and
presents tgbles of‘related éampling-inspection plens for the evaluation
of lot quality in terms of the instantaneous failure or hazard rate ac a
function of time. The Weibull distribution (including the exponential
as a special case) is used as the underlying‘lifelength model. Inspec-
tion of semple items is by attridutes with life testing truncated at
the end of some specified time. Tables of féctors are aléo provided
from which sampling plans for instantaneous fallure or hazard rate may
be designed to meet given needs or from which the operating character-
istics for any speéified plan mey be evalueted. Also included is &
discussion of epplications in terms of the average hazard rate as a
function of time, a measure which turns outbto be distribution~free.

1.2 Introduction

Ihé,sampliné-inspection procedure and tables of plans presented
in the report evaluate the lot in terms of the instantaneous failure
or hezard rate at some specified time. They heve been designed to
mafch and supplement the procedure and plans for the evaluastion of the,
lot in terms of mean life which have been pdbiished as Department of
Defense Technical Report No. 317 and which will also be found in the
proceedings of the Seventh National Symposium on Reliabiiity and Quality
Controll and in the transactions of the Fifteenth Annusl Convention of the
Americap>Sociéty for Quality Control, 1961. In both these cases the
procedures and plans are for applications for which the Weibull distribution
or the éxponential distribufion,which is & special case of the Weibull,

can be assumed as the underlying lifelength model.

-1~



- The ;'eport .previously publishedb discussed tﬁe nature of the Weibg.u
d.istribﬁtion, the relationships between it and the exponential, and
similar points. Hence material on these points will not be repeated
here; the report referenced may be consulted. For fu.fther information
on the Weibull distribution as a étatistical model for reliability and
lifelength analysis, referencé may also be made to a paper by Kao vhich
will be found in the Proceedings of the Sixth National Symposivm on
Reliability and Quality Control.2

It should be noted, however, that the Weibull distribution is a
three-perameter distribution; (1) a location or threshold parsmeter,
commonly symbolized by the letter 7, (2) a Séale, or characteristic
life parameter, symbolized by 7, and (3) a shape parameter, symbolized
conventionally by the letter B, a.ré all required to completely describe
a particular Weibull distribution. For a great many applications the
location parameter, ¥, can be aésumed to equal zero. This means, in
effect, there is some probability of item failure right from the start
of life or use-—tﬁere is no initial period of life that is free of :
risk of failure. 'The direct application of the factors a.nd' saupling-
plan tables given in this report assume 7 = 0. However, if » has some
known value other than zero the procedure and tables can be easily and
simply modified to allow for this. : Te method for doing so will be
described in another section. The procedure and the information in
the tablgs is indepehdént of the magnitude of n, the scale paraméfer;
the value for this parameter need not be known or estimated. The reafon
for this will be noted in the section of the report dealing with the
matheméticé.l relationships. The Weibull shape parameter, 8, is important,
however. The sampling plans presented here depend on its magnitude and
are for application to product for which the value for this parameter is

known or can be assumed to approximate some given value.
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Basic factors for the design and évaluation of plans to meet
specified needs, and comprehensive tables of single-sampling plans have
been prepared and included for each of eleven values for B, values of
$,4,2,1,11% 1%,’ 2, 24, 3%, 4, and 5. This range of values covers
the range of shape pa.ra.metere normally encountered with industrial and
military products. Va.lues for B of less than 1 apply to products
whose d.istz"ibution of f“ailures is such that the fallure fate** is high
in early life and graduslly decreases with the passage of time. This
seems to be the case for many electronic components such as transistors
and resistors. Recognition of the fact that the failure rate decreases

(or increases, for that matter) with the passage of time and allowance

. for this fact is extremely important if accepta.nce sampling-inspectiqn

DPlans for iifelength and religbility are to be applied realistically.

For B = 1 the Wéibull di‘stribu'bion is the same as the exponential;

the exponential distribution, in effect, :being a special case of the

Weibull. At B =1 the failure rate is constent end does not change

with the passage of time. Use of exponential sampling plans assumes

this constancy--an’ a.ssumption that may not be warranted for a large

proportioh of applica.fions. For values of B greater than 1, the |

failure rete is relatively .small at the start of iife or service but

increa_st_es with the passage of time, the rate of increase being larger

for larger values of B. Thus B-values larger than 1 may quite logically

apply for items for which wear-out or fatigue is an Iimportent cause

for failure--itmns such as electron tubes or many mechanical components,
As an illustration of the above conmgnts » reference may be

made to Fig.'\»xrevl vhich shows, for the Weibull distribution, the re-

lationship between the instantaneous failure or hazsrd rate (‘o:

s hezard), symbolized by 7 (t), and life or time, t , for

**See Appendix A for e definition of failure rete and its relation-
ship to hazard rete.
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various values for B. The value for the location parameter, ¥ has been

taken as zero.

Also, in each case a value for the scale parameter,y ,

of unity has been used.

1.3 The Acceptance Procedure

The factors end the sampling-inspection plans included in this

report have been desigxed' for use under the following acceptance pro-

cedure:

(a)
(v)
(e)
(@

(e)

Select at random e sempls of n items from the submitted
lot.

Place the selected items on life test for scme si:ecified
period of time, t.

Determine the mmber of items that fail during the
period of time, t.

Campere the number of items that fail with a specified
acceptance number, c.

If the number of sample items that fail is equal to or
less than the acceptance number, ¢, accept the lot;

if the number that fall exceeds the acceptance number,

reject the lot.

Testing of sample items may be curtailed prior to time t if the

lot is to be rejected since it is possible to observe (¢ + 1) fallures

in less than t units of time.

It may be noted from this outline that the procedure is for

attribute inspection and it takes the form commonly employed for accep-

tance sampling-inspection vhen the lot quality of interest is simply

the 'proportion or number defective rather than relisbility or item life.

The only variation im method is the use of a testing truncation time, t.

-5m




Under this procedure the probability of ac’cejtehce for a lot,
P(A), depends on the probability , p', of item life being less than
(or equal to) the test truncation time, t. For applications for which
the value for the shape parameter, B, is known (or can be assumed to
approximate some known value) and for which the testing truncation
time, t, is specified, the probebility p' is a funcfion oﬁl,y of the
hazerd rate Z(t) at time t. Since p' is efunction only of t and 7z{(t),
the operating characteristics for any given plan de_pend only oxi t and
7(t). In order to provide factors and sampling tables for general use
rather than for specific values for t and Z(t), they have been provided
in terms of the product tZ(t). Conversion of values for ;this. prodﬁct
to desired values when t or Z(t) is specified, will obvioﬁsly be cuite
easy. This will be demonstrated in the discussion of exemples that
follow later. .

To provide a means for the design or evaluation of sampling inspec;
tion plens, two tables of factors havé been prepared. One, Téble 1,
1ists tZ(t) velues for various velues of p'. For convenience in teb-
ulation and use, p' (in %) values arve used and tZ(t) x 100 rather than
t2(t) values are tabulated. The second, Teble 2, tabulates »' (%)
values for various values of t2(t) x 100. In both, values »ai'e supplied
for each of the eleven selected values for p. Through the use of these
tables, acceptance-sempling plans of any desired operating charécteristics
can be designéd, or specified plans can be evaluated using 'l‘;.he math-
ematics and practices ordinarily employed. in sttribute inspection.

A final point of procedure that should be mentioned is that the
factors and tebles of plans are for direct application‘in cases for
which the time t at which the hazard is specified or is to be tested is
the seme as the tiine t at which life-testing of sample items is to

be truncated. However, e table of factors hes been prepared, (Table 5)
-6_ . -
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to use in a simple modification whichallows the test truncation time
to differ from the time at which the hazard rate is specified. The
life test time for sample items can be one~half or one-fifth, for

exemple, of the time at which the hazard rate is specified.



SECTION 2 -

THE BASIC CONVERSION FACTORS

2.1 Computetion of the Conversion Factors.

The instantaneous failure or hazard rate or slmply haza:rd at any
specified time t, which may be symbolized by Z(t), may be expressed

by the relationship
z(t) = £(t) /R (t) | _ (1)
vhere £(t) is the population density function (p.d.f.) and where

R(t) = 1 - P(t), (2) ‘

for vhich F(t) is the cumulative distribution function (c.d.f.).
For the Weibull distribution (and for the case for which the value
for 7, the location paremeter is 0), the expression for £(t), the

population density fuetion, is
2t) = B/n) (/) Prem - (t/mP 1. (3

Again for the Weibull distribution and for 7 = 0, the expression for

F(t), the cumileative distribution fuction, is
Wt) = l-exp [-(e/0)P ). (%)

Using these expressions the hazard ¢mn now be given by dividing

Equation (3) by the unit compliment of Equation (4), thus,
2(t) = (/) (s/n) P . - (5)

o S o




- For the steps to follow, it will be useful to multiply each side

' of the above equation by (t/B). This step will give the relationship

tzéQ - (/P (6)

In the design or evaluation of attribute ssmpling plans, one is
concerned with the probability of a semple item failing before the
end of the test time, t. This probability, which may be symbolized
by »' , is glven by the cumilstive dlstribution function (c.d.f.);
thus,

' = Ft) = 1- e [ - (t/n)P 1. (7
Combining Equations (6) and (7), p' in i;erms of 2(t) becomes,
P - iem -], e

From this expression it may be noted that upon transposing and taking
the na.tu.ral loga.rithm that

-t2(t) = 1 (1-p') or

t2(t) = - 1n (1-p'). R (%)

The two equations, Equations (8) and (9) furnish the basic
relationships for computing the factors reguired for the design or
evaluation of the attribute sampling-inspection Dlans for lifelength
and reliability being considered in this study. Equation (8) may be
used for computing values for p' corresponding to given values for
tz(t) and Equation (9) may be used for computing va.lues for tz(t)
corresponding to given values for p'.

For convenience in computation, Equation (9) can be rewritten as,

t2(t) =B exp (1o [-m(2p)] 3 - (20)
-9




Values for the expression

-in [ -1p (1-p*) ] - _ (11)

are avallable from a tsble of the inverse of the cumilative probability

function of extremes, compiled by the National Bureau of Stendards.-
For both the relationship equations values for e raised to vthe' povers
indicated were read from the Nafione.l Burean of Standards tab»las‘of the
exponential function.u

From the relationship equations an important point masy be noted,

vhich is that for the attribute form of inspection used in the acceptance-

sempling procedure, the Weibull scale paremeter, n, is not directly ihvdlved »

With the value for the shape parameter, B, known or given, only the
product of test time, t, and the hazard of interest, Z(t), are of
concern. Attribute plans may be designed or evaluated iﬁ terms of
tZ(t) and with one element of this product given or assumed, the
other element may readily be determined.

In the above anslysis it has been assumed that the value for 7,
the Weibull location parameter, is zero, For a large proportion of
possible applications this §111 actually be the case. However, if in
ah application 7 has some non-zero velue, ade.ptatipn of the procedure
to allow for this is quite easy. All that must be done is t6 subtract
f.he value for 7 from the value used for t to get a comferted value ,
to. This converted value is then applied to form a converted product
toz(to) vhich can be used for all computations end readings frﬁm the
table. Any solution in terms of to cen then be converted back to real
values by simply edding the value for 7.

2.2 The Tables of Yactors and Thelr Use.

With the use of Equation (9) a table cf walues for tf(t) for

various values of p' has been prepared. It is presented at the end of
~10-




"tbis report as Teble 1, vFor convenience in tabulation end use, p'

values ﬁavé been multipiied by 100 and expressed as percentages and
values for tZ(t) bave likewise been muitiplied by‘ 100 to give tZ(t)

x 100 values. The values used for p' range from .010% to 80% with the
selection made in accordance with a standard preferred number series.
Also, through the use of Equation (8), a table of values for p' (%)
for various values for tZ(t) x 100 has been prepered. It will be
found pre‘sented as Table 2. With this teble, values for p' (%) nay
be found without interpalation wben rounded values far £2(t) x 100
are 3i§en. The two tables provide the basic factors necessary for the

design OX eveluation of attribute saupling mopection plans of the form

described in the previous section of this report. Two examples of their ]

use follow,
Exsmple (1)

One possibility of use for the conversion factors is in the
eva.luatibn of specified acceptance sampling plans, ISuppose, to consider
& simple example, a single-sampling attribute plan hgs been specified
with a sample si'ze, n, of 115 items and an acceptanée number ¢, of 3
items. The test time' for the sample items 1s to be 500 hours. A value
for_B of 2 and & value for y of O seem reasonable to assume., 'he
operating characteristics for the plan under these conditions must be
determined. Lot guality is to be evaluated in terms of thé hazard at
500 hours of use.

Under plans of the form presented here, the probability of accep-
tance for a lot, P(A), depends on the probability, p', of an item
failing 'béfore the end of time, t, which in this case is 500 hours.

The first stejp, then, in determining the operating characteristics

is to determine the probability of acceptance, P(A) associated with

‘each of an appropriate range of values for p'. These probabilities

11~



mey be'detmined by one of the methods commonly used in the evaluation
of ordinary attribute sampling inspection plans. It is most convenient
to make use of the readily available tables of the hypergeometric dis-
tribution, of the binomial distribution, or of the Poisson distribution--
the choice depending on the ratio of the sample size to the lot size,
the size of the sample, the range of p' values involved, and on the
accuracy desired. If the plan happens to be one matching an existing |
attributes plan of the ordinary form (for defectives) for which a.n cper~
ating characteristic curve has been prepared, the required values for
the probability of acceptance may be read from this curve to sufficient
sceuracy for ordinary use. For the example under discussion, the
values for P(A) corresponding to each of a sultable series of p' values
are listed in the tebulation below (in the second and first colums,
respectively). Note that the p' values have been selected from those
used in the construction of the table of couversion factors {Table 1) : ' ‘
and that the range of p' values used 1s the range required to give
values for P(A) for most of the range f£rom 1.00 to O so that e complete
picture of operating chai‘e.cteristics may be obtained.

The next step is to make use of the firstdft.he tables of con-
version factors, Table 1, and read off the value for +2(t) x 100
corresponding to each of the listed p' (in %) values. Eﬂlesé are found
in the seventh column of factors vin Teble 1, the colum for B = 2. |
The values for this exmj)le are listed in the third colum of the tabula-
tion below. o

The final step is to divide each of the values tabulated for tZ(t)
by the value specified for t, which isv 500 hours, to give the associated
hazard, Z{t). These computations have been made with the results as

listed in the last column ¢f the tabula.tion below,

. T~




It may nov be noted by scanning the Figures in this last-colum

that for a lot made up of product whose hazard is %.83 x 1072 at 500

~hours, the probability of acceptance will be .95: if, on the other

hand, ‘.the hazard is 26.88 x 10'5 » the probability of its acceptance

1s only .06, for exemple . If desirable, each P(A) value and its
associated Z(t) value may be plotted to construct an operating char-
acteristic curve. This has been done‘for thlihs application with the
r‘esulting‘ curve being the one shown for P = 2 in Figure 2. To pz"ovide

. some indication of the sensitivity of the acceptance-inspection pro-

cedure 1:,0 chénges in the value for B, the shape parameter, operating
characteristic curves have been prepared and presented in Figure 2
using the same Plan and the same value for t, but with other values
for B, values of 1 and b with the value 1 representing the exponential

distribution commonly assumed in relisbility work.

' (in %) P(a) tz(t) x 100  z(t)
.5 .99 1.002  2.00 x 1077
8 .8 1.606 . 3.21x107
1.0 .97 2.010 b.02 x 1077
1.2 ' .95 : 2.4 4.83 x 1077
1.5 .90 3.022 v 6.04 x 1072
2.0 .80 4,040 8.08 x 10™7
2.5 .68 5. 064 10.13 x 10™7
3.0 .55 6.002 12,18 x 10~
yo .33 8.164 16.33 x 1072
5.0 - A7 . 10.258 _ 20.52 x 10‘_5
65 . .6 13.4k2 26.88 x 107
8.0 02 16.676 3335 x 107

B =2 'mn = 115 c=3_t=500

-13~
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In connecfion with this example it may be well to note that any
double-sampling or multiple-sampling plan that "matches" the single-
samyling plah in ordinary attributes sampling--that is s for which the
same P(A) values are associated with each va.lue'for p'--will provj.de
the same operating characteristics in terms of hazard, Z(t). For
the plan used in this illustration s Tor example, a matching
double-sampling plan is one for which the first sample size is 75 and
and the second 150, with an acceptance number of 1 and a rejection
number of 6 for the firet sample and an acceptance number of 5 and a

.rejection ﬁumber of 6 for the cambined sax_nples. The only changes in
brocedure required will be those norrally assoclated with multiple
sampling plens. The value for t specified for single sampling will be

used for both the first and the second sample. Double-sampling and

' multiple-sampling offer excellent opportunities for reducing, over the

long run, the average amount of acceptance inspection. However, in

testing_ for life and reliability the added elapsed time required for

“testing when s second or subsequent sample is required may be a serious

obstacle to application of this form of sampling.
Example (2)

Another possibility for use of the basic factors is in the des;tgn
of an accepfance sampling plan to meet specified requirements. Considezf
the case of a manufacturer who is to ‘purchase in large quantities a
cerfain electronic component. Experience in the testing and use of -
this component has indicated the Weibull distribution aﬁplies well as
a statistical model with s value for B, the shape paramster, of 1 1/3
and fér 7 » the location parameter,of 400 hours. A test period for
sample items of 1206 hou;'s has been agreed upon. Experience with the
product bhas further :i_;ndicated that a competent supplier should be able
to submit lots for which the hazard at 1200 hours is .00004: (per hour).

-15-



Accordingly this value for z{t) is to be adopted as the Acceptable : .
Hazard Rete (AHR) and a plen is desired for which acceptance is virtually
certain, say with P(A) = .99, if a lot is this good or better. That
is,P(A | AHR) = .99 vhere AHR = .00004} at 1200 hours. Furthermore,
the user has ascertained that i;‘ the hazard for s lot or shipment
is .000155 (per hour) or more, use of the.components will lead to .
much difficuity. Thus a low probability of accéptaﬁce , se,y .05 6r |
less, is desired. Accordingly the Rejectable Hazard Rate (RHR) is
.000155 at t = 1200 end a P(AIRHR) $ .05 is specified.

The firs’c step in the design of the plan is to subtract the value
for y , the location parameter, from the ti.me t to glve a new time,
to, in terms of 7 = 0. Accordingly, to =t~ 7 or to = 1200 -
400 = 800 hours. The next step is to compute the t Z(t ) x 100
product at both the Acceptable Hazard Rate and the Rejectable Hazard

Rate, using the value determined for to. These are:

toz(to) x 100 = 800x.0CO04L. x 109 = 3.52 (at the AHR), —

toZ(to) x 100 = 800 x .000155 x 100 = 12.4 (at the RHR).
(12)
With the use of Table 2 these computed values can noy be @pplied
to determine the probability, p' , of an item failing before the end
of 1200 hours (1;o = 800) under both the ebove conditicns. These

values (for B = 1 1/3) may be read, through linear interpolation, as:

p' =2.605 % or roughly, 2.6% (at the AﬁR),
p' = 8.87 % or roughly, 8.9% (at the RER) (13)

Finally, a sampling plan may be determined, using procedures
commonly employed to design sampling plens of the usual form for

attribute inspection. For this case a plan is required for which
..16'-




P(A) 2 .99 when p' = 2;6% and for which P(A) s .05 when p' = 8.9%.
Meking use of factors prepared by Cameron® (vhich are based on the
Poisson distribution) it will be found that an acceptance number, c,

of 10 will ‘provide most closely the required characteristics and that

a sample size of 184 will give a P(A) = .99 if p' = 2.64. A check
using other factors supplied at the same source indicates P(A) = .05

if p' = 9.2%, Similar results for n and ¢ may be obtained by using

the beta probability chart (which is based on the binomial distribution)
glven by Kaos. Thus this plan, n = 184, ¢ = 10, t = 1200, meets

closely the specifications.

-17-



SECTION 3

THE TABLES OF SAMPLING PLANS

3.1 Construction and Use of the Basic Tables.

An extensive collection of samplihg plans has been designed,
with a separate table‘prepared for each of the eleven representative
values for B for which the relationship between tZ(t) and p' has been
determined. These tables of plans will be fouhd at the end 6f this
report as Tables 3a through 3k.

Each table lists 208 single~sampling plans, with‘the acceptarce
number, ¢, and the corresponding sample size, n, given for each. The
plans have been cataloged in terms of & Rejectable Hazard Rate (RHR)
under the assumption that for components for which the guality of
interest is reliability or lifelength, consumer protection will be of
most conern. The figure in each column heading is the t2(t) x 100
product for which the probability of acceptance under the sampling
plans in that column is .10 or less. Expressed otherwise, the column
heaainés are percent values of t x RﬁR, end for the plans beiow each
the P(A | RER) s .10.

Hoﬁever, the tables also provide guldance for selection and

evaluation of plans in terms of the Acceptable Hazard Rate, (ARR).
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The flnure in parentheses below the sample size number, n, for each
plan i8 the per cent value of t X AHR product for which the prob-
ability of acceptance is .95 or more. With the use of these values,

a Plan can be selected in terms of an Acceptable Hazard Rate if one

so desires. In any case the two tz(t) x 100 products broadly describe
the operating characteristics of the plan wrth whlch they are associated.
They thus provide g basis for the appropriate choice of a plan, or

for determining the operating characteristics of a plan that has been
spec1f1ed or is being applied. Illustrative examples of the use of

the tables of plans will be found below.. When tz(t) x 100 table values
to match computed or given values cannot be found, linear interpolation

between table values that are available will glve solutions that are

: prec1se enough for most practical Purposes.

These plans have been deolgned under the assumptlon that the -
size of the sample will be relatively small Compared to the size of
the lot (an assumption 1mposed under almost all other published sets»
of plans). Uhdcr this assumption the number of failures prior to
time t approximates the binomial distribution.. Binomizl tebles com-
plled by Grubbs7 were used to prepare some of the Plans, those for
values for ¢ from 0 to 9 end for values for n up to 150, For values for ‘
c from 10 to 15 and for n up to 60 or 80, Pearson's tables of the incom-
plete-beta funct10n8 were used. Plans reguiring hlgher values for n
were determined by using the Poisson approximation, maklng use cf tables
Prepared by Cameron.5 At each boint of change from the bianl&l to the
Poisson the match in values for n was checked and found to be close. The
slight differences, usually 1 or 2 items, that were found were on the
conservative side, the value for the sample size being slightly larger

then the size theoretlcally required
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Example (3!

A receiving inspection plan is recuired for e certain produét.
Experience has indicated a value for P of 2/3 cen be assumed end a
value for 7 of 0. It has been determined that lots with a hazard rate
of .00005 (per hour) at 1000 hours of use for the product will be
considered an unsatisfactory rate a.nd’ ~ can be used as an RHR value.
Te test time for semple items will be lOOb hours, the saﬁxé value’fvor
t used in specifying the RHR. Testing facilities are available to
test as many as 200 items at one time. .

- Computation of the £2(t) x 200 product at the RHR gives 1000 x
.00005 x 100 or 5.0. Plans for this value must now be found in Table
3c, the teble of plans for B = 2/3. Any plen uhdei the column headed by the
value 5 will give a probability of acceptance of not more than .10 at the
RHR velue of .00005. If full use is to be ma.de of the testing '
facilities, the plan with an acceptance number, ¢, of 9 and a sample
size, n, of 197 may be employed. With this plan, the +z(t) = 100 -
product for a P(A) = .95 is 1.8. Simple substitution in the product
gives 1000 x Z(t) % 100 = 1.8 from which it will be fouﬁd that 2(t) =
.000018, . If the producer submits product with this hazard rate or
less (at 1000 hours), his risk is low; the probability of acceptance
will be high, namely .95 or more. '

Example (4) '

Consider another spplication for which a plan is to be selected.
In this case, .B =1 1/3 and ¥y = 1250 hours. A ReJectable Hazard Rate
of .000020 and an Acceptable Hazard Rate of .000008, both measured at
2000 hours seem to be most suitable. The tesf time, 't, is aiso to be

2000 hours.
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Since B = 1 1/3 cen be assumed, a plan frim Table 3e can be used.
First, a new time, t,, in terms of 7 = 0 must be fowmd. From ty =
of 750 hours 1s found. Next,

0 0
the toz(to)xloo products at the AHR and the RHR can be computed, using

t - yor t, = 2000 - 1250, a value for t

Yy or 750 hours. They ere:

750 x 000020 x 100 = 1.5 (at RHR)
750 x .000008 x 100 = .6. (at AHR) (W)

Any vlan in Table 3e under the column headed by the producf. 1.5 will
meet the P.HR requirement. Scanning this column in terms of the nroducts
in parentheses, the plan using an acceptance number, cr, of 10 end a
sample size, n, of 1380 is selected. For this plan, the P(A|RHR) = ,10
and the P(AIAHR) = .95, the probabilities of acceptance being these

figures at the designated hazard rates end at a 1ife of 2000 hours. -

3.2 The Dependence of _O_Erating Charecteristics on m le Size

An interesting and scmevhat useful characteristic of the form of
Plens presented in this report is that the ability of a plan tb dis-
criminate bétween good and ’bad lots d.epénds on the size of the acceptance
number ré,ther than on the size of the sample; operating characteristic
curves become steeper as the magnitude of the acceptance number is
incre_ésed rather than becoming steeper as the size of the sample is
increased as under the usual forms of sampling inspection. Forv given
magnitﬁdes for consumer end for producer risks at the Re_.jectable Hazard
Rate and the Acceptable Hazard Rate respeg:t:lvely, & nearly constant
ratid betweér_x the Rejec‘ta.ble’ Hazard Rate and the Accepteble Haiérd Rate
will be found for any given value for the acceptance number. Fdr _the
collection of plaps presented herae,the ratio is consta.nt (for all

practical purposes) for all plans for which the $2(t) x 100 value
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et the RER is more than 5. For values less than 5, there is a slight
decrease in the magnitude of the retio as semple sizes beéome'increas—
ingly small, but not enough to be significant for practical purposes.
Not only is the ratio between the Rejectabie Hazard Rete and the
. Acceptable Hakard Rate constant for any gi&en value for ¢, but any
ratid computed for any given peir of consumer and producer risks
epplies forvall.values for B; thevratib does not debend on B as is
the case fér the'WEibull sampling plans‘that test lots in terms 6f
‘mean ftem life. ' |
A tsble of hazard rate ratios for values of ¢ from O to 15 has
.béen prepared for a numbef 6f alternstives for consumer risk and
producer risk values., They are presented ﬁs Teble 4, As indicated,
the figures in the bodyvof the téble are approximate values for RHR/
AHR for each value for ¢ for the acceptance probabilities indicated
in the table headings. The use of this teble will be described by

gilving two examples.

E:cample (5

Consider the case described in Example 2 in which the desiréd

sampling plan was to give a probability 6f acceptance of .05¢r less if the
hazard rate was .000155 and & probebility of acceptance of .99 cr mere if the
‘hezard rate vas,00004k, That is the P(A | RHR) s .05 and P(A | AHR)2

.99, 1In using this teble (Teble 4) one first determines the value for
~ the ratio RHR/AHh vhich is .000155/.00004% or 3.52. Next, the tai:le
is‘scanﬁed in the column giving ratios for P(A | RHR) = .05 end
P(A | AHR) = .99, looking for a velue close to the computed ratio. A
value.close to it, 3.56, is found opposite ¢ = lO;_ Thus an acceptance
nunber of 10 will be required. This, it will be noted, is the

acceptance number that was determined in other ways in the previous
. =20




examplé. Table b4 provides a quick, short-cut way of finding ¢, the

accéptahce number for eny application (within the limits of the table).

Example (6).

A plan is required for & product for which B = 3 1/3 and 7 = 0,
for vhich a Rejectable Hazard Rgte of .0005 per hour has been estab-
lished, and for which a P(A I RHR) £ .10 will be satisfactory., 'The
test time, t, is to be 50 hours. Furthermore, & high probebility of
acceptance, .99, is required at the Acceptable Hazard Rate, which has
been established as .0001 per hour.

The tZ(t) x 100 product at the RH:R- is 50 x .0005 x 100 or 2.5,
Refefring to Meble 3i which contains plans for B = 3§,any Plan in
the colﬁmn with the 2.5 value heading will give the RHR risk of < .10
specified. The one to select can be determined by use of Table L,
The RER/ARR retio for this case is .0005/.0001 or 5. At a P(A | AHR)
£.10 and a P(A | AHR) = -99, Teble 4 indicates an acceptance number,
¢, of 5 will give most closely the operating characteristics desired.
Ihe'RHR/AHR retio has a value of 5.20 which is close to the value of
5 obtained for the specified rates. Thus the Plan to use is the sixth
one down in the colum (headed 2.5) in Teble 3i, the plan for which

= 5 and n = 1240,

3.3 Differences in Lifctesting Time

In order to prepare tables of factors and sampllng plans for
general use, it has been necessary to assume that the lifetesting
time for sample items will be the same as the time, t, at which heazard
rétes are specified or are to be determined. However, a simple modifi-

cation of the procedure can be made to allow for cases in which the
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two times do differ. All that must be done is to determine the hazard
rate at the test truncation time which corresponds (for the value fdr
B that applies) to the hazard rate at the specification time. '

A teble of hazard rate ratios, Tsble 5, has been prepared for
meking this conversion. 'me teble gives for various velues of taltl
values for the ratio Z(te') / Z(tl) for all the \B—values 'goncernea
in this study. Also, a chart has been préparéd, Fi‘gure ‘3, shovrmg
the relationship between hazard rate and time for the same valqes for
B The two may be used interchangeebly, the chart being useful for
cageé in vhich table vaelues are not available aﬁd the table being
useful when more precision is required and one of the tabulated teble

values applies to the case at hand. If z(ta) represents a specified

2
be used to represent the corres;éonding hazard rate at some cther time,

hezerd rate and t, the time at vhich it is specified, then Z(tl) can

tl. The teble can also be used for cases in which the test-truncation
time is greater than the time at which the hazard rate is spécified
(if such cases are encountered). Ali that need be done in such cases
is to reverse the meanings given to the subscripts 1 and 2. Converéion
from one hezard rate to another or from one time to another when

necessary to make use of the factors and plans presented here is quite

. easy, as wlll be shown in the example which follows.

le (7

A plen is required for a caée for which a hazard rate specified
as an ‘RBRI (at & P(A) = .20) 1s .000375 at 4000 hours. However, & test
truncation time of 1000 hours mﬁst be used. A sampling plan in terms
of the specificafion but uéing the shorter testing time is. required.

A value for B of 1 2/3 and for 7 of O can be assumed.
-3
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The value for t,/t, in this case is 4000/1000 = k. Reference to
Table 5 indicates for this t,/t, ratlo end for B = 1 2/3, that the
z(t,) / z(t,) ratio 1s 2.52. Substitution of .000375 (the RHR) for
Z(ta) gives .000375 / z(tl) = 2.52 or Z(tl) - ,00015. This equivalent
velue, Z(tl) , of .00015 may now be used to select a plan to use with
the 1000 hour testing time. The product tZ(t) x 100 to apply is thus
‘1000 x .00015 x 100 = 15. A plan may now be selected from those given
'in Table 3¢ for B = 1 2/3. Any plan wnder the column with e heading
value of 15 will meet the RHR requirement. Suppose tésting facilities
ére available for as many as 150 sample items and so the plan for which
e = 8 and n = 149 is to be applied. A reversal of the above pro-
cedure can be used to meke use of the tZ(t) x 100 product given (in
parentheses) for this plan in Teble 3f for a P(A) z .95 to determine
the Accepﬁable Hazerd Rebe. The product tZ(t) x 100 is 5.k, At the
shortened testmg time of 1000 hours, 1000 Z{t) x 100 = 5.4 or #(t) -
.000054. For lots with this hazard raté et 1000 hours, the P(A) 2 .95.
The corresponding hazard rate at 4000 hours cen be found from the
hazerd retio obtained from Table 5. Since Z(t,) / 2(%,) = 2.5_é,
z(ty) / .00005% = 2.52 or 2(t,) = ,000136. Lots with this bazard
rate at 4000 hours have a probability of .95 or greater of acceptance;
the rate can be used as the Accepteble Hazard Rate at this specified

time.
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SECTION L

AVERAGE HAZARD FLANS

The average hazard over eny specified time period up to t,
which is dencted by m(t); may be expressed as,
R .
n(t) =% z(y)ay = M(t)
B ¢ L B (15)

vhere Z is the hazard function defined by Equation (1) and M(t) is

- called the cumiletive hazard over t. For a lifelength distribution

vwhich >Sta'rts at time y (the threshold or location peremeter), the

lower limit of the integral M(t) should be 7 which is assumed tb be

zero in this report. ' o |
Féllmwing from Eguation (Al4) of Appendix A, the probability of

a semple item failing before the end of the test time t is then,
.v P = P(t) = l-exp [- tm(t) ], t>0. (16)
From this; it nay 'Qe nbted that
- tm(t) = - in (1-p'), 0<p' <1. | : (17)
| -These two equations form the basic reletionship for the design
or vevvalue.tion of the attribute sampling-inspection plané using the

average hazard, m(t) as a life quality criterion. By direct compa.ri'son

of these two equations with Equations (8) and (9), it may be noted that

- m(t) plays the role of Z(t) with B = 1. For this reason, no additonal

tables need be prepared for sampling plans where the average hazard,

m(t) is specified. Furthermore, since Equations (16) and (17) are valid

Tor any erbitrary distribution, the sampling plen based upon the average
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hazerd is non-parametric, i.e., distribution-free.
Nevertheless it is useful to equate Equation (16) with the ex-

+/8 )\

ponential c.d.f., F(t) = 1l-e , for t,9, A >0, and to

= lee”
note that m(t) = A. Writing this conversely by letting 0! be the

inverse function of m,

LR GER - (18)

‘where 7L is cglled the hazard~breekeven time. For any lifelength
distfibution with a monotonically decreasing (or increésing) failure
rate or hezerd rate in time, the T, , the hazard~breakeven’time represents
the point in time vhen the average hazerd of the lifelength distribution
under considération is equal to the specified constant hazard (for the
exponential case). But when the monotonicity assumption is removed,
then there may be multiple solutions for Equetion (18), depending upon
the nature of m(t).

For maintainable equipment, in contrast to the so-called One~shot
© equipment such as a fired missile, the average hazard for the component
therein represents the average amount of replacement necessary to keep
the equipment in opeiation} Hence i£ is significaht to cbnsider the
hazard~breakeven time. If M\ is the tolerable average hazard, then for
& component with a monotonically decreasiﬂg failure rate, T means the
equipment‘break-in fime, while for a component with monotonically in-
creasiﬁg failure rate, T, means equipment retirement time. Two numerical
examples will follow.
- Example (8)
Suppose the lifelength distribution is of the Weibull fbrm.éi?en

by Equations (3) end (14), then Equation {17) becomes,

tm(t) = (t/n)P | (19)
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and Equation (18) becames,
T = (2] g1y (20)

where ¢ = nﬂ' is the guasi-scale parameter of the Weibull distribution?
Consider the case of a manufacturer who is producing a certain
electronic componént. Experience has indicated that s Weibull dis-

tribution with 7 = 0, B =1/3, end 1 = 42.875 x 207 (or & = 3,500)

applies. A custamer specifies a value for A = 6% per thbusa.nd

hours. The hazard—breakeﬁen time ™ in this cese is computed as
follows. The per hourvelue for M 1s, M = 0,05/ 1500 = § x 10™°

(per hour). Substituting this into Ecuation (20) gives,

7, = (3,500 x 6 x 1075) “(3/2) _ 10 39 nours.

That is, if the equipment in which the component is to be installed
is allowed to break~in for a period of approximé.tely ten hours, then
thereafter the average hazard of the component will Ee less then that

specified by the customer--a very comforting assurance.
Example

"Sumoae the manufacturer in Example (8) has decided to truncate
the lifetest at 1000 hours end desires a sempling plan which will
accept with high probability (say .98), lots having an average hazard
of = 0.5% / 1000-hrs. and reject with high probebility (say .90),
lots having an average hazard of one order of magnitude higher (i.e. ’
6%/ 1000-Lrs. ). In this case, the producers risk is 2% and the

consumer's risk is lO‘ﬁ which gives a 90% confidence _coefﬁcient' of

shipping prodixcts with 6% / 1000-hrs. or better avefage hazard.
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The values for tn(t) x 100 are 0.6 and 6.0 at P(A) = .98 and | .
P(A) = .10 respectively. By linear interpolation in Table 2 for f =1,

the following velues for p' are found:

At P(A) .00597 or epprox. 0.6%

.98, p'
.10, p'

At P(A) .05821 or approx. 5.8% (21)

The sample size, n, and the acceptance number, ¢, of the désired sampling
plen may be determined from the requirements specified by Equation (21).
The use of the beta probabllity chart6 givesc+1 =3, n-c¢ =90,

orn=92sandc=2.
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SECTION 5

ADAPTATION OF THE MIL-STD-105C PLANS

9.1 Use of the MIL-STD-105C Plans for Life and Relivabilit.y 'i'esting

In‘ some cases it may be advantageoﬁs to employ the familar Military
Standarg 105« c2 0 Plans for reliability end lifetesting applicati_.ons. To
make this ?ossible » .t.he basic counversion factors described :Ln Section 2
have been employed to find tZ(t) x 100 products fdr all the plens in

the MIL-STD-105C collection. Just as for the basic tables of plens

‘described ‘in Section 3, separate tables of products have been prepared

for each of & number of selected values for B, the Weibull shé.pe
parameter. The special»ca.se for B = 1, which is b’che exponential case,
has been included. |

The acceptance i)rocedure to be used is the same ag that employéd

for the basic plans end as outlined in Section 1.3. For single sampling

~ the steps are (a) select a suitable sampling inspection plan, making use

of thc_a taﬁles of products provided, (b) draw at random a sa.mp.'l_.e of n items,
as speq'ified by the plan, (c) place the sample items on life test for
the specifie_d period of time, t, (d) determine the number of sample items
that fail during the test period, (e) compé.re the numbex; of itéms that
fail with the acceptance number, c, specified for the plan, and (£) if
the number that fail is equal to or léss than the acceptence numbg;' s
accept the lot; if the number' failing exceedé the a.cceptanée numbér,
reject the lot. .

Both the sample sizes and the acceptence numbers used will be

those specif'ied for the MIL-STD-105C plans. For convemience, the single-
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sample sizes and the corresponding acceptance‘numﬁers have been included
in this report end will be found in Teble 7. Single sampling will —~
presumably.be usdd, but by simple modification double sampling or
mltiple sampling can be used if desired. It may be noted that the
acceptance procedure for any form of sampling is the same as that
-gpecified for the MIL-STD-105C plans with the single exception of the
use of a test truncation time, t. |
The sclection of a suitable plan, the determination of operating
chéracteristics in terms of hazard rate for & specified plan, and the
determination‘Of an appropriate life-testing time are all mede through
usé of the tables of products which will be found at the end of this
report. Ways for meking use of these tebles will be discussed in the
section that follows and in the accempanying'illustrative'exahples.
It ma& be noted that the probability of acceptaence for a lot under -
the procedure outlined e.bové depends only on the probability, which mey . .
be designated by p', of an item failing before‘the end of the test pericd,
t. The actual 1ife at ﬁhich an item fails need not be determined; inspec-
tion is on a attribute basis. For this reason it is possible to use the
105B plans to evaluate submitted lots in terms of hazard rate, 7Z(t), at
some specified time, t. The operating characteristics for any sampling
plan specified by ¢ and n depend only on t and 7z(t). A brief oﬁtline of
the mathematics involved in.the procedure will be found in Section 2.1.
To provide a procednfe of simple form and vne suitable for genefal
use, the tableé of factors for adapting the 105C plans to use in terms of
hazard rates héve been prepared in terms of dimensionless products of

t times Z(t). Actuslly, in order to give figures that may be more
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convenienfly used, the tables are composed of $2(t) x 100 products. Eachk

.of the 105C plans is cataloged in terms of such t2(%) x 100 products.

These product values are to be used in much the same way that percent

defective values are used in the selection and application of plans for

ordinary attribute inspection. With t and Z(t) specified, all that must
be done is to compute their product and then select a plan in its terms.
If on the other hand, a plan (n and c¢) and a test truncation time (t)

are specified, the product may be used to give an evaluation of OPera.ting
characteristics in terms of hazard rate, Z(t). Or, alternatively, the
product nmay be ﬁsed to find a suitable test truncation time, t. Examples
of such application of the factors will be found in the latier part of
this section.”

‘ 'Ihg Weibull distribution, one will recall, is a three-parameter
di.stri;bution', requiring a location or threshold parameter, & scale
Iiarameter , and a shape parameter for complete ‘descrix.itiOn. For the
procedure and plans presented here, the scele parameter need not be
ascertained or known; the t2(t) x 100 product contains information on its
magnitude. For the 1oéation or threshold parameter (commonly symbolized
by the letter 7), ‘a. value of zero is to be assumed in the direc‘t appli-
catiQn of ﬁhe products and the procedure. For many applicaticns & 7
value of O will apply; there will be no initial period of life free of
risk of failuwre. This assumption 1s equiva;ent to knowing the value for
va. If 7 has some non-zero value, all that is necessary is to subtract

the value for 7 from t to obtain a value to and then use to rather then

~ t in working with the tables of products. The third parameter, the

Weibull shepe paremeter (which is commonly symbolized by the letter B)

-3~



must be known. The products depend on the value for B so that its -
magnitude must be known or estimated from past research, enginéering,

or inspection data. Separate tables of products have been provided for
each of eleven values for B, values ranging from 1/3 to 5. The‘assumed
value for @=1 reﬁresents the special case of the exponential distribution
and so may be used when this distribution.seems to be the most appropriate
statistical model. Estimation procedures for B or 7 are avallable and
mey be found in the papers by Kao ﬂa)’ (22). »

One final point of procedure must be mentioned. Tt is that for the
direct use of the tables of products, the item life at which the'hazard
rate is measured or specified and the life at which the testing of
sample items is truncated are assumed to be the same. That is, the t
used in the tZ(t) x 100 products 1s the same as the test truncation. time,
t. Howevery if the life at which hazard rates are to be specified or
evaluated must differ from the test truncation time, & simple veriation
in procedure may be made to allow for any desired departure. All that
must be done 1s to find (for the value for g éssumed) the hazard ratc
et the test truncation time that corresponds to the hazard rate at the
time uﬁed in the specification or at which lots are to be evaluated. A
table of hazard rate ratios has been compiled for this,purpoée..‘ltv
will be found as Table 5 at the end of this report.' The method for its
use will be described in one of the illustrative examples which will
follow._

5.2 The Tables of Products and Their Use -

- To provide the necessary data for using the 1050 Pplans in life and
reliebility testing in terms of hazard rate, eleven tables of t7{t) x 100
products have been prepared. One is avellable for each of the following ’
values for p: 4.4,%, 1, 1%, 12, 2, 2, 3%, 4, aﬁd's. These values

~34u




encompass‘the range of shape paramcter values that will commonly be
encountered. For values of interest for which no table has been provided
(but within the above range), linear interpolation will give factors
accurate enough for most practical purposes. The tables of factors have
been included at the end dfvthis report as Tables 6a through 6k.

Each table provides‘tz(t) x 100 products for each 105C. plan, that is
for each combination of Semple Size Code Letter and Acceptable Quality
Level the 105C Standard utilizes. The factors apply not only to the
single-samﬁiing plans, but also to the matched déuble-sampling and
multipie-sampling plans. 'The sample sizes corresponding to each Sample
Size Code Letter and the acceptaence and rejection nﬁmbefs applying to
each Agceptable_Quality Level as found in’the 105C Standard are thus
tb ﬁe @éed in the procedure presented in this paper. ‘

Across the top of each table will be found tZ(t) x 100 products
correspdnding to each of the Acceptable Quality Level values utilized in
the 105C tables. Each of these matched tZ(t) x 100 products provides
for all of the 105C plans of the corresponding Acceptable Quality Level
a measure of lot quality for which the probebility of acceptance is
high. The producer's risk will be low with its actual magnitude being the
same as that experienced under normael use of the 105C plens. It will
be recalled thét this risk varies, being as low as .0l for large sample
sizes and as high as .20 for small semple sizes. The riék associgted'
with a specific plan mey be obtained from the operating characteristic'
curveé provided in the 105C standard. .

within the body of each table will be found tZ(t) x 100 products for

each plan for which the probebility of acceptance is low. In each case

-35-

N




this probability is .10 or less. These j)roducté mey be used as a means of
estimating the consumer's risk vhen a Re,jecté.ble Hazard Rate is to be
determined or when a plah is to be selected in such terms. Thus with
pairs of factors provided for use in terms of both an Acceptable Hazard
Rate as found across the top of each teble and & Rejectable quard Rate

as found within the bedy of each table, Plans may be selected or evaluated
in terms of either the provducer's rigk or the consumer's risk or bofh.
Recently a revision"C" of MIL-STD-105 included, among other
“things, the listing of LTPD values as consumer's protection measures as
 well as the AQL values. (23)

'ihe interpretation of these tZ(t) x 100 products may be demonstrated
by means of a simple example. Suppose that for a product to be submitted
to acceptance inspection B can be assumed to have the value of = a.nd 4
e vg.lue of 0. Life testing of sample items is to bé truncated at 500 hours.
A single-sampling Plan for Sample Size Code Ietter H and an AQL of 1. 5% ‘
has been specified for use (n, the sa.mple, size will ‘thus be 35 and c,
the acceptance number, 1). Reference to Table 6b which contains
products for B = 1/2 shows that the tZ(t) x 100 prodﬁc{c at the Acceptable
Quality Level of 1.5% is .756. With t = 500 thus 5002(t) x 100 = .T56.

v Z(t), the hazard rate, can thus be computed as Z(t) = .T56 4500 x 100) =
.0000151 (per hour). Accordingly, this figure, .0000151, can be

considered as the Accepteble Hazard Rate (as measured at 506 hours of Life).
Next, by entering the body of the table at Sample Size Code Letter H

and an AQL of 1.5%, the tZ(t) x 100 product for which the probability of
acceptance 1is low (.10) is 5.5. Again with t = 500, 500Z(t) x 100 = 5.5

or Z(t) = 5.5500 x 100)= .00011. Thus the Rejectable Hazard Rate (at

500 hours of life) is .00011 (per hour). These tw6 figures found for

2(t) may be interpreted thus, (a) lots for which the hazerd rate for
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~ items at 500 hours 6f_ life is .0000151 per hour or less will have a

high probability of acceptance (exemination of the OC curves in the -
105C. Standard indicates the probability is slightly more than .90);
lots for which the hazard rate for items at 500 hours of life is .00011

will have a low probability of acceptance (namely .10 or less).

Example (10): -
A purchased electronic component is to be inspected, lot by lot, for

lifeléngth by sampling inspection. The MIL-STD-105C plans are to be
enmloyed. The lot quality of interest is‘ the hazard rate at a life of
500 hours. From past experience with the component it has been determined
that the Weibull distribution can be applied as & statisticel model and
that a value for 8, the shape parameter, of 2/3 can be assumed and &
value for 7, the location or threshold paremeter, of O can be expected.
Normael inspection is tb be employed and the lot size in each éa.se will
be 3,000 items. A plan emfloying an Acceptable Quality Level {in terms
of the pe;rcent defective &8 used in the standard) om h._'o% and a test
jﬁeriod' of 500 hours have been tentatively selegted, with single sampling
to be utilized Under thése glven conditions, the a.ccezﬁta.nce procedure
and the operating characteristics in terms of hazerd rate ét 500 hours
are to be determined.

By referriné to Table III of MIL-S'I'D-iOBC it will be found that for
'InSpection Level IT (which is customarvihr employed unless thei'e axe
special reasons for doing otherwise) and for a lot size iof 3",000,.‘
Sami:_lé Size Code Letter L should be employed. Next, reference to Teble

V-A Qf the same Military Standard or to Table T of this report show_s
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that for Sample Size Code Letter L the sample|size for éingle sampling
is 150 items.‘ Further reference to this latipr Table shows that for the
L. o% Acééptabie Quality Level selected the a(:eptaﬁce number tp‘use

is 11 and:thevrejection number 12. The accejtance-rejectiqn'précedure
will accordinglj'be: _ /

| (ﬁ) Draw at random fram the lot a sam).e of 150 items.

(b) Place the somple items on life ted: for 500 hours.

(¢) Determine the number of sample itgus that fall prior to the end
of this test periocd.

(a) Ir the number thet fail is 11 or less, accept the lot; if the
number that fail is 12 or more, rzject it.

The operating characteristics of the wpbove acceptance procgdure in

terms of hazard rate can be determined by i1t:ference to Table 6¢ which

will be found at the end of this report. ﬂ?e table lists t2{t) x 100

products for application when B = %. Ex ami ation of the factors across

the top of the teble (immediately below the AQL figures in p'(%)) *shows

that at 4.0% the corresponding +7(t) x 100 r‘atio is 2.72. With t = 500

and with t2Z(t) x 100 = 2, T2, the hazard rateiﬁs thus determined by:
i

5002{t) x 100 = 2.72

2(s) = —2-12 = .00005kk
500 x 100 -

Tbis figure may be considered as an.Acceptable Hazerd Rate (AHR). Thus
ir theiquality of the submitted lot is such that the hazard rate at 500
hours is .0000544 (per hour), the probebility of its acceptance ﬁill be
high.” By reference to Table VI-L of the Militery standard, operating
characteristic curves for single sampling for Code letter L may be

found. The curve for a 4.0% AQL indicates that at L.0% the probability
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of acceptance is slightly more thun .98; the producer’'s risk, then for lots

for which the hazard rate is .0000544 at 500 hours is 1.00-.98 or .02.

A Rejectable Hazard Rate (RHR), a rete at which the probability of
acceptance will be low under the above plan, may elso be determined by
further reference to Table 6c of this report. In the‘body of this table
at Sample Size Code Letter L and an AQL of 4.0%, a second té(t) X 100
p&oduct for the epplication, one whose value is 7.9, will be found. This
is the product.for which the probability of acceptance is .10 or less.
Using t = 500 and making another simple computation gives:

£ 5002(%) x 100 = 7.9

2(t) = —L2 . 00016
500 x 100

This ansver mey e considered as a Rejectable Hazard Rate (RHR). If the
lot Quality is such that the hazerd rate is .000l5 (per hour) at 500 hours
of life, the probability of acceptance for the lct will be low, namely

.10 or less. This figure cuantifies the consumer's risk at the

" Rejectable Hazard Rate of .00016.

Exomple (11):

For another illustration of use, consider a sampling inspection
application for which an Acceptable Hazard Rate of .000025 (per hour)
and & Réjectable Hazard Rate of .00015 (per hour) with both at 1600 -hours
of life is required. A value for P of 1% and for 7 of O can be

assumed. The test time for sample items is to be 1,000 hours with double

sampling to be employed. The problem is to select from the MIL-STD-105C

plans the one that will meet most closely these reguirements.
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Computations at the Acceptable Hazard Rate give tZ(t) x 100 = 1,000
% .000025 x 100 = 2.5. Reference may now be made to Table 6f of this ~
report which lists tZ(t) x 100 products for application when B = l%.
In the line of factors across the top of the table (the column headings)
the factor 2.52 will be found correspoﬁding to a 1.5% AQL. Use of any plaun
with this AQL percentage will thus meet closely the Acceptable Hazard~
Rete requirement; the probability of acceptance for lots meeting this
specified figure will be high. ' |
Computations at the Rejectable Hazard Rate give tZ(t)_x 100 = 1,000
X .00015 x 100 = 15. Examination of the column of products fof the 1.5%
AQL figure show thet for Sample ‘Size Code Letter J the tZ(t) x 100
product is 15. Thus use of this Code Letter (with the AQL value selected)
will provide a low probebility of acceptance (.10 or less) for lots at
which the hezard rate is .00015 at 1000 hours. Any - 105C plan (single,
double, or multiple) with a 1.5 AQL and a Sample Size Code Letter J '
will meet closeljr the operational requirements.» ‘
For doubie sampling, reference to ThblevIV~B of the 105C Standard
indicates the first semple size is 50 and the second sample size is 100
for Letter J. At the AQL value of 1.5 the ecceptance number under normal
inspection for the first sample must be 1 and the rejection number 6;
for coﬁbined samples the acceptance ﬁumbef must be 5 and the rejection‘
number 6. Other details of the acceptance-fejection procedure will be
those customarily employed in double sampling. It should be nbted that
the life testing tiﬁe for the first sample‘must be 1,000 hours; likewise,
it must be 1,000 hours for the second samplé vhen testing of a sécond

sample becomes necessary.
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Example (12):

Consider = case for which a § value of 2-1/2 end e 7 value of 0
can be assumed. A Rejectable Hazard Rate of .00090 (per hour) at a
life of 2,000 hours has been specified. However, & test peridd of only
500 hoﬁrs for sample items is, for practical reesons, the longest that
can be utilized. ‘Thebproblem is to determine a single-sampling 105C
plan that will meet the RHR requirement.

A suitable plan in terms of this required time for the lot ouality

specification but one that usea the reduced testing time can be found

through appliéation of data in Table 5 of this report, a table of hazard

rate ratios. If we let t2 represent the life at which the hazérd rate
is specified and tl represent the testing time to be employed, then the
ratio between the two which is required for the use of the table may be

dgtermine&.'»It is ta/ti cr 2000/500 which is 4. Entering the table at

" the 4.00 value for this ratio. and reading across to values for use

vhen B = 2;1/2, a Z(te)/z(tl) ratio of 8.00 may be found. Letting Z(ta)
represent the hazard rate specified at timevteof 2,000 hours‘(which is
.00090), & corresponding hazard rate Z(tl) at time t, of 500 hours can
be computgd. since z(t,)/z(t,) = 8.00, z(t,) = .00090/8.00 = .00011.

A tZ(t) x 100 ratio can now be computed using this new rate to apply at

500 hours. . It is 500 x .0001l1l x 100 = 5.5.

With this value for the RHR product, 5.5, one may now meke reference
to Table th which lists products for B = 2-1/2. -Any plan for which a
value at or close to 5.5 may be found in the body of this table will meet
the RHR specificatlons. For example, & plan with an AQL of 0.25% and

with Sample Size Code Lettér N will do; likewise, one with an AQL of 1.0%
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these or other sultatle alternatives will depend on the Acceptable Hazard -

and with Sample Size Code Letter Q meets the req:irement. A choice fium

Rate that seems most suitable for the case. Use of the tZ(t) x 100
product at the tope of a column fram which a plen is selected will enable
one to determine the hazard rate for which the probability of acceptance
will be high. For the first alternative mentioned above (0.25% and N),
£2(t) x 100 = «625. Thus the AIR =,625/500 x 100)= .0000125 at 500 hours.
At 2000 hours it depends on the ratio, Z(té)/z(tl) = 8.00. Thus at

2000 hours the AHR, Z(te) = .0000125 x 8.00 = .00010.

Example (13):

For en exarmple of a cese for vhich the locetlon or threshold
parameter is not zero, consider an application for which'one'can assume
B =4 and 7 = 200 hours. A sample size of 50 has been specifiéd (éingle
sempling is to be employed). A life testing time of 600 hoﬁrs for sample
items has beeﬁ egreed upon. It seems reasonable to expe_ét a haza.rd ‘
rate of .00070 at 600 hours and so this figure is selected as an Acceptéble
Hazard Rate and a plan is accordingly to be selected in these terms. The .
problem is to determine what acceptance muber must be used and also what
measure of consumer protection will be afforded. |

The first step is to subtract the velue for ¥ from the value for t, i
the test and specification time value, to get to’ a.value in zero
thréshold-parameter terms. Accordingly, t - 7 = 600 - 200 = 400 =t
This converted value may now be used in the normal maﬁner for the tables
and procedures.being described in this report.

The toz(to) x 100 product at the Acceptable Hazard Rane‘ﬁill thus

be 40O x .000TO x 100 or 28. Reference may now be made to Table 6
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which lists products for B = &, Examin#tion of the column headings
indicates for an AQL of 6.5% & corresponding tZ(t) x 100 yroduct of
26.9, a figure reasonably close to 28. Reference next to table IV-A
of MIL-STD-105C or ‘i‘able T of this report shows that for single ‘Bampli’ng
with a sample of size 50, and with an AQL of 6.5%, the acceptance
number must be 6. Also, it may be noted that a aingl‘e‘ sample of size
50 corresponds to Semple Size Code Letter I. ‘ :

To determine a measure of consumer protection when the sample size
is 50 (Letter I) and the acceptance number is .6 (Aqu = 6.5%), reference
may now be made again to Table 6 of this report. At Letter T a.nd an

AQL of 6.5%, it will be found that the %Z(t) x 100 product is 89 at

. the Rejectable Hazard Rate (for which the probability of acceptance is

low,' na.melyb .10 or less). With this value one may determine that

’ t,2(%) x 100 = 400 2(t) x 100 = 89, or z(t) = 89/B00 x 200)= .0022.

Note again for these computations the converted time value, to’ is
used. The Rejectable Hazard Rate of .0022 as camputed ebove actually

applies, however, at a resl life of (t°'+ 7) or 600 hours.
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TABLE 1

Tgble of tZ(t) x 100 Values for Various Values of p'

P’ l - B

(in®) 273 L2 2/3 1 1173 refy 2 21 3173 h 5
.00 ggg 003 007 010 .01 Nk .0R0 .0e5 . 033 .0h0  ,050
002 | . 06 008 012 .0l .20 .00k .030 .ok0o .OMB  .060O
015 005 007 010 015 .0e0 025 .gﬁg .038 .050 050 - .OT5
080 | . 010 .013 .020 L0RT .033 . .050 L06T .080 .100
.0R5 . ,012 017 .025 .033 .0h2 .050 063 .083 .100 .25
.gag 010 .015 020 .030 .00 ,050 .60 = .075 .100 = .120  .150
. - .013 .020 .027 .00 .053 L0587 .080 .100 133 ° .160 - .200
.050 .07 .85 .033 .050 057 .083 .00 .125 167 200 .250
L0605 | 022,032 043  ,065  .087 .108 .130 .163  .21T .260 = .32%
.080 02T - .Oho .053 .080 .1o7 133 .160 .200  .267 .320 .hoo
100 | . oag .050 .06T .100 133 167 .200 .250 zgg 100 .500
12 N .050 .080 .120 .160 .200 .2h0 .300 . 8o .600
.15 .050  .075 .100 150 .200 .250 .300  .375 .500  .600° .T50
20 | J067 100 .133 200 266 .333 oo . 500 .666 . .800 1.000 |
.25 .083 .125 L1687 .250  .333 17 .500  .625 - .B33 1.000 1.250
23 «100 150 .200 .300  .koo .500 600 750 1.000  1.200 1.500
. A3 201 267 Lo 535  .668 .80 1.003 1.337 .1.60% 2.005
.50 W8T 851 .Eah .501 .668 '235 1.00e  1.253 1.670 2.004 2.505
.65 17 R’eog 435 652 869 1. 1.308 -1.630 2.173 2.608 3.260
.80 . . 535  ,803 1,071 1.338 1.606 2.008 2.677T 3.212 L.015
1.00 agg '583 670 1.005 1.gho 1.675 2.010 2.513 3.350. h.000 5.005
1.8 . .6 805 1,207 1.609 2.012 2.ah 3,008 L.oe3 4.828 6.035
1.5 50k 56 1.007 1511 2.015 2.518 Eoea 3.778  5.037 6.0k  T.555
2.0 g;‘(g 1,000 1.347 2.020 2.693 3.367 h.0%0 5.050 6.733 8.080 10.100
2.5 . 1.e66 1.688 e.532 3.376 hL.220 5.06k 6.330 B6.4h0 10.128 12.660
3.0 {1,005 1.583 2.031 3.046 K. 061 5.07T 6.092 T.615 10.153 12.18%F 15.230
Lo |2.361 2.041 e2.721 bL.o82 5.4h3 6.803 8.15: 10.205 13.607 16.328 20.k10
5.0 |1.710 2.5 3.519 5.120 6.839 8.548 10.258 12.823 17.097 20.516 25.645
6.5 | 2.240 3360 Lugl 6.721 8.951 '11.201 13.M42 16.802 22.403 26.884 33.605
8.0 | 2,779 bLi69 5.559 8.338 11.117 13.897 16.676 20.845 27.79% 33.352 h1.601
10.0 512 5.268 7.024h 10.536 1%.048 17.560 21.072 26.34%0 35.120 L2.1kh 52.680
12 261 6.392 8.522 12.783 17.044% 21.305 25.567 31.958 k2.611 51.133 63.917
15 s.l17  8.126 10.835 15.252 21.669 27.086 32.50% L%0.630 54.173 65.008 81.260
20 7.538 11.157 1h.876 22.31%F 29.753 37.191 b4.629 55.785 T4.301 89.258 111.57
25 9.5 14.38% 19.179 28.768 38.358 L7.94T7 57.536 T1.921 95.804 115.07 143.8%
30 [11.880 17.83% 23.778 35.668 k7.557 59.446 71.335 89.169 118.89 142.67 178.34
ho Ja7.0e7 §2.51 L.055 51.082 68.110 85.137 102.16 127.71 170.27 20%.33 255.h1
50 ge“loz 65T 456.210 69.315 92.L420 113.52 138.63 173.29 231.05 277.26 346.57
65 .99k 52.491 69.088 104.98 139.98 17h.97 200.96 262.46 349,94 1419.93 524,91
80 |53. 80.b7e 107.29 150.9% 21h.59 268.2hk 321.89 4oe.36 535.48 643.TT 8oOk.TR




TABLE 2

* Table of p' (%) Values for Various Values of t2(t) x 100

t2(t) ) Shape Parameter - B

x1001 "3 1l 273 1 Y13 1273 2 aik 31/3 & 5
010 .00 .00 .015 ,010 .008. .005 .005 .OOW .tg? 003 002
.02 .ges .02k 08 .012 ,009 .007T .00 .00% ,00h '8&% .00
.015 .0k5 030 .0 015 o131 009 .008 .005 .00§5 .003
.0R0 060 .o0 .00 .0 .015 .02 .010 .008 .00 005  .ooh
.05 o5 0% 037 @5 a9 .05 .03 .00 ,008 005 .005|
0% | 090 .0%0 .ok .00 .ce@ .018 .005 .01 009 ° .008  .005
olzo .20 .080  .060 .oEo 030 .ok .0 .08 .02 .010 .008
.830 .150 .100 .OTh .880 .038 .ogg .ges gg &13 .gl .gio ’
.085 . 130 097 .065 .ol9 .o . . . 0% 013
080 #33 Lgo .20 080 050 ol}g 03 .oeb 020 016
200 | . .30 . .200 .150 .100 .075 .060 .00 .0M0 .03 .25  .oeo
12 Rg - .20 180 120 .090 .0T2 .00 .08 .0 .030  .o0oh
.15 . -300 225 150 .12 .90 .075 .060 .OM5 .038  ,030
.20 920 oo .300 .200 .150 .120 200 .080 ,060 .050  .oho
.25 Tht w99 .370 250  .187 .150 .125 = .100 ~ .OT5 063  .050
Eg 896 .59 kb9 . .300 .225 . .180 .150 .120  .090  .O75 050
. 1193 .7T97 .59  .399 .300 .2%0 .200 .160 - .120 .100 080
.50 1.689 995 .77 b9 .37 .300 .250 .200 - ..150 .125 100
65 1.931  1.292 970 .68 481 .35 .3k 960 . zg +163 . .130
.80 2.3 1.587 1193 .79 .598 k19 .399 .39 280 . 200 .,
.00 | 2.955 1.980 1.8 .995 .47 .58 k99 .39 .300  .250 - .200
1.2 3.536 2.3 178k 1,193 .89 g'g ?e % & . 4300  ,gho
;.g 5.& e.g :.gg ikag 1.11"88 o2 K ; I & .300
. . . . . _1- . 3 . . N )
2.5 T.206 2811 3.681 2.223 1.858  1.489 1.232 995 T 623 3;
0 | 8.60r 5.8eh hhoo 2.955 2.225 1.78% 1.489 1.193 .86 .Thr .58
E.o 11.308 7.688 5.8k e.m 2.955 2.3M 1.223 1.587 1.%33 932 TOT
Z.o 1%.909 9.5 T.206 L.877 i681 e.gs 2. 1.980 1. 1, 995
3] Aarnt 'm.%g. 9290 6.293 L.758 3.B05 3.198 2,566 1.931 1.612 1.250
8.0 | Ri.337 1N .38 7.688 s5.6e% 6T 3.901 3.1k 2,371 1,980  1.%87
10.0 | 25.918 18.197 13, 9.516 7T.006 5.8k LO8TT 3.981 9.95% a.k69 1.580
1R 0.8 21.3%% 1325 11.308 ;.607 6.947 s5.8ah Egz 3 % 2,95 2.In
18 zs.tm 25.910 20.1b8 13.929 10.640 a.Sg; T.208 5, o 681  2.955
20 5.9 32.968 25.918 18.127 13.9%9 11.303. 9.516 7.688 5.8 §877 E.m
s 52.763 39.3/T 31.eT1 22,120 17.097 13.%29 11.750 9.%16 T.806  6.059 L.877
30 $9.343 A5.119 36.237 25.918 20.148 16.k73 13.929 11.308 8.607 7.226 5.824
ko 69.& 55-067 b5.119 32.968 25.918 21.337 18.127 1L4.786 11.308  9.516 7.688
50 T7.687 6§3.212 2.753 39.347 31.27T1 25.918 22.120 18.127 13.929 11.750 9.516
65 85.91;3 T2.7h7 G2.281 U47.795 38.584 32.204 27.747 22.895 17.717 1k.998 12.190
80 90. 79-810 59.881 55.057 U5.119 38.122 32.968 27.385 21.337 18.127 1h.786
100 95.021 86.466 TT.587 63.212 52.753 h5.119 39.3u47 32.968 25.918 22.120 18.127




TABLE 3a

Teble of Sempling Plans for B = 1/3

n

t2(t)

% 100 Product for Which P(A) = .10 (or less)

150 -

o5

15

130

5 2.5 1.5 1.0

0.3

0.25

0.15

0.10

0.05

L
1(3.4)

(11)

10
(12)

(.85)

2
(6.9)
T
(8.4)

4y |6

(.42){(.29)
6
(2.1)|(2.2)

10

9 .13
(3.8)|(2.2)
n 17
(4.8)1(2.9)

13 120
(6.0)}(3.7)

ek

16
(6.5) |(k.1)

(2.7)

8
(.21)
b
(.88)
19
(1.5)

ak
(2.0)

29
(2.%)

16 1 1% Nz
(.10) ?-05) (.03) ZTOE) (.01)

27 |53 (87 |30

261

(.64)|("23)|(.13)|(.09) [(.OK)

120 [180

35T

%7 72
.75)|(.38) |(.23)| (.15) |(.0B)

¥y |sr [350 |226

hhT

(.99)](.51) |(.30)](.20) |(.10)

182 {270

337

56 109
(1.2)[(.62) [(.37)](.25) |(.12)

65 127 {211 |31b

1623

(1.0)1(.70) {( . 42)](.28) |(.1h)

308

521
(.02)
712
(.on)
8ok
(.05)

1070
(.06)

1240 -

(.o7)

213

866
(.o01)

1190
(.02)
1480
(.03)

1770
(.o4)
2070
( .Oll-)

768

1300
(.01)

1770
(.01)

2230
(.oe)
2670
(.02
3090
(-03)

1540

2600

3550
(.01)
4450
(.o1)
5330

)j(.on)

6180
(.01)

11
(14)
13
(15)
14
(26)
15
(18)

17
(18)

18 27
(7.3)|(k.6)
20 0
(8.1){(5.0)
22 b
8.8/5.2)
eh 137
(5.3) ?5.6)
26 b1
(9.6) {(5.8)

39
(3.0)
43
(3.3)
48
(3.5)
52
(3.8)
5T
(3.8)

Th L 239 56
(2.5)1.77) |(.46) ?

82 |163 [266 |398
(1.6){(.83){(.50) ?

180 {295 |4k

91 3673
(1.7)[(.89) |(.54) (. 36) [(.28)

481

111 213 {350 |52

707

) (.15)
1

L) 1?17)

297|323 954
1% O (121 | (38) [Cas)

1040

(1.9){(.99) [(.60) |(.40) |(.20)

1410
(.08)
1580
(.08)
17h0
(.09)
1900
(.09)

2060
(.10)

2350
(03)
2620
(.0%)
2890
(.05)

160
)

3430
(.06)

3510
(.03)
(03
03)
4330
(Boh)
KTho
(.ok)

5130
(.on)

7020
(.01)

7850
(.02)
8660
(.02)
olT0
(.02)

10300
(.02)

k22

15

(29)

20
(29)

13122

(20)

(21)
2k

(1)

33
(10)

31
(20)

?io) 23
%Zl) 56

20 .bh
(956\,(5.8)

by
(6.2)
50

(6.2)
(6.6)

(6.6)

6

69
(3.9)

(3.8)

13
(L4.1)

78
(k.2)

82
(%.3)

119 230 377 ?62
(2,0) (1.0) |(.62)

246 hoh

1120

A2) |(.21)

1190

127 602
(2.1)](2.0) |(.64) |(.13) |(.22)

136 262 |31 [6k2

1250

(2.1)](2.1) {(.66) |(.45) [(.22)

k5 |279 |57 |681

1350

(2.2){(1.1) |(.68) |(.46) |(.23)

153 {295 [uBh (72l

1430

(2.2)1 (1°1) J(.70) |C.47) |(.23)

2220
(.10)

2380
(.11)
2540
(.11)

2700
(.21)
2850

(.12)

3700
(.06)

€
.06)
4220
(.07)
4480
(.07)

K740
(.o7)

5530 (13100

(.o4)

5930
(.ou)
6320
(.o%)
6710
(.o4)

7100
(.05)

(.02)

11900
(.02)

12600
(.02)

0 3400
(.02)
4200

(.02)

£2(t) % 100 products in paventheses are for P(a) =

=46

.95 (or more)



Teble of Sempling Plans for B = 1/2

TABLE 3b

n

tZ(t) = 100 Product for Which P(A) =

.10 (or less)’

50

25

15

10

5 .

2.5

1.5

1.0

0.5

0.25 [0.15 0.10

0.05

Ls .
(.85)

5
[(3.9
17

(6.8)

»?91)

(l‘)

13
(12)

5
(.50)
9
(2.0)
12
(3.6)
(5.0)
(5-8)

8
(.31),

14
(1.3)

19
(2.2)
ol
(3.0)
29
(3.6)

3h
(4.1)

12
(.21)

20
(.90)
28
(1.%)
35
(2.0)
h2
(2.4)

L9
(2.8)

23
(.10)
40
(.hb)
55
(.75)
69
{1.0)
82
(1.2)

96
(1.%)

L6
(.05)

19
(.23)
108
(.38)
135
(.51)
164
(.61)
190
(.70)

T7
(.03)
130
(.13)
180
(.23)
226
(.30)
271
(.37)

314
(.k2)

115
(.02)

196
(.09)
269
(.15)

??go)
Lol

(.25)

468
(.28)

231
(.o1)

391
(.o%)
535
(.08)
670
(.10)
803
(.12)

iy

h62 768 1150

780 1300 1950
(.02)|(. Ol)é J01) |-
1070|1770 (2660
(.o4) (Tée) (.o1)
13210 2230 3l+o
(.05){(.03) [(-02)
1600 {2670 hooo
(.06) ( Oh) (.02)

1860 4640
(.o7) ‘( oh) (.03)

2300 -

3890

5320
t-o1)
€680
(.o1)
990
(o).

9280
(.o1)

1
(15)

16
(16)
18
(16)
20
(27)

10 |21

(39)

22
(6.6)

25
1(7.4)

28
(8.0)

3
(8.6)
34
(9._1)

3.2)

%9
4.5)
43
(5.0)
48
(5.2)
b
(5.6)

2T
(5.71)

56
(3.1)
6
(2-3)
70
(3.5)
76
(3.7)

85
(3.7)

109
(1.5)

122
(1.6)

134
(1.8)

{hLY¢

(1.9)
162
(1.9)

216
(.77)

2kl
(.83)

266
(.89)
201
(.9%)

L)

?56
98
.50)

L0

(.54)

481

(.57)

521
(.60)

232
46)

(.31)

59k
(.34)

656
(.36)
718
( 38)

(o)

1060
(.15)

1180
(.17)
1310
(.18)
1430
(.19)

1550
(.20)

2110 510 5270
(.08){(.05) |(. 03)

2360 5880
(\08) ?_?35) (.03)
2600 4330 6500

(-09)|(-05) |(-0)

2850|4740 [7200
(.09)[(.06) |(.0k)
090 5140 Q0
.10} | (. 08) [¢.0k)

10500
(.o1)

11800
(.02)

13000
(.ce)

14200

(.o2) |

15400 }
(. oa)

11

13

23
(20)

a5
(20)

a7
(20)

14 j29

(e1)

15 431

Lo
(9.9)

61

(6.0)

k3 |68

(9:9)
46
(20)
L9
(10)
52

(6.0)
73
(6.0)

78
(6.2)
8

()

(6.5)

92
(3.8)

98
(4.0)

105
(4.1)

111
(k.2)

SN {
(4.4)

1Tk
(2.0)

187
(2.1)

199
(2.1)

212
(2.2)

22h

i(2.3)

i)

365
(1.0)

389
(1.1)

413
(2.1)

437
(1.1)

562 |
(.62)

602
(.64)

6k2
(.66)

681
(.68)

721

(.70)

838
(3h2)
898
(.43)
957
(.45)
1020
(.46)

1080
(.b7)

1670
(.21)

1790
(.22)
1910
(.22)
2020
(.23)

2140
(.23)

330 0.18300
Cioy ?5355 (2o
3560 5930 8890
(.11)}(.08) |(.0k)
3800 . .6320 lokso
(.22)((.07) [(.04)

16600
(.02)

17800 '

(.02) |

119000

(.02) |

4030 {6710 {10100 26100 |

(.11){(.07) |(.0k)
4270 {7200 10700
(.12):(.07) (. 05)

(.02) |
21300 |

(s02) |

i(21)

t2(t) =

47-

100 products in parentheses are for P(A) = .95 (or more)




TABLE 3c

Teble of Sampling Plens for P = 2/3

n

£2(t) x 100 Product for Which P(A) = .10 (or less)

100

50

25

115

10

]

0.5

0.25

0.15

0.10

2
(1.6)
L
(6.7)
5
(13)
T
(16)
8
(22)

10
(23).

b

(.86)
6
(k.2)

9 -
(6.1

11
(9.6)
13
(12)
16
(13)

7
(.h9)
11
(2.2)
16
(3.6)
20
(4.9)
2y
(5.8)

28 .
(6.7)

11
(.31)
18
(2.3)

25
(2.2)

G0
8

3.7)

Ly
(L.1)

16
(.21)

27
(.89)
?7
1.5)
7
(1.9)
6
fo.t)

65
(2.7)

31
(.10)

53
(.4k)

T2
(.77)

(.0

10
(1?2)

127
(1.4)

2.5 1.5 .0
62 155

105 (175 (261

13 1239 [357

181 ?oo L9
(.51)

el7 '?59' 237
(.61)

252 |kt

.31 |(.25)[ (.12

102 308
(.05)(.03)1(.02)|(.01)

9521

(.23)}(.13)[(.09)|(.04)

712
(.38){(.23)|(.15)](.08)

89k

.30)|(.20){(.10)

1070

1240

623
(.70){(.h2) |(.28)| (.1k)

622

1050
(.02)
1440
(.o%)
1810
(.05)
2160

)| (.06)

2510
(.o1)

1020

1730
(.o1)

2370
(.02)

2970

(.03)|(

?550

Loh) i (

4120
(.o4)

1540

-

2590
(.01)

3550
(.e1)
4450
302)
5330
.02)

6180

C.o3) |

11
(28)
13
(29)
4
(33)
15
(36)

17
1(36)

18
(%)

20
(16)

22
(in)
2l
(18)

26
(19)

Ea
By
.8)

3
(9.2)
b7
(9.2)

(h.6)
36
(5.0)

63
(5.2)
68
(5.6)
6
(5.6)

T
(3.0)
82 .
(3.3)
91
(3.5)
100
(3.7)

11l
(3.8)

Wk
(1.5)

163
(1.6)
180
(.7

197
(1.8)

213
(1.9)

286 |43 |707
529 |T9L
353 |58k
%86 638

L19 [692 {1030

320
(.83){(.50){(.34)

1410

Cm|(46)[(30)| (25)]C

1740

873
(~89){(.54)](.36)| (.18)

954 11900 |3840
o) [ (.57)](.38)| (.19)

2060

(.99){(.60){(.40)](.20)

1580 |1
(.x7)

2850
.08)
80
(.08)
510
.09)
(.09)

1160
(.10)

4680
(.05)

2230
(.05)
5780
(.05)

6310
(.06)
6850
(.06)

7020
(.03)
7850
(.03)
8660
(.ok)

k70
(.o4)

10300
(.04

13
Lk

15

18
(38)
20
(38}
21

{(k0)

22
(43)

2h
.(ha)‘

29
(19)
(z0)
)

&

{z2)

51
o)
to)

i)
tioy
62
(20)
€8

82
(5.8)
88
(6.0)
L
?s.e)

100
(6.4)

(21)

106
(6.6)

119
(3.9)
128
{4.1)

136
(k.2)
145
(k.3)

()

230
(2.0)

246 -
(2.1)

262
(2.2)

a79
(2.2)

295

(2.3)

451 {746
(1.0)|(

515 1270
skt 1905 1350

578 1430

2220

1120
62)1(.42) [ (.21)

483 1190 {2380
(1.0) Z?gh) (.43)1(.22)

2540

852
(1.1)]¢.66)|(.u5)|(.22)

2700

(1.2)[(.68)|(.k6)](.23)

2850

957
(1.1){(.70) {(.¥7)|(.23)

4490
(.10)

4810
(.11)
5120
(.21)
s4ho
(.11)

5760
(.12)

7380
(.06)

)

8430
(.o1)
8950
(.07)
9L60
(.o1)

11100
(.o4)

11900
(.ok)

12600
(.04)

13400
(.o4)

0 4200

(.05)

£Z(t) x 100 products in parentheses ere for P(A) = .95 (or more)

~LB-

~@®




TABLE 34

‘ ' Table of Samnling Plans for B =1
~ '

n

" £2(t) = 100 Product for Which P(A) = .10 (or less)

100 |50 25 15 10 5 2.5 .5 1.0 {0.5 ]0.25 |0.15 0.10

013 s  Ji0 l16 lev |46 |92 155 a3 |u61 922 {1540 |2300
.7 (.00} (.52)[(.32){(.20) | (.22){(.06) [(.03) [(.02) | CLOL)J=m . jom ==

11fl5 19 jqar et _|so (79 |158 261 (389 |778 1560 |2590 {3890
(8.0){ (4.2)l (2.2)}(2.3)|(.90)|(.b5) |(.22) |(.13) ?-09) (.05)](.02){(.00)|(.0L)

24t {12 Je3 31 |55 [108 (226 357 |533  |107Q 12130 13550 2320
() |(7.0] 3.1 |(2.3){(2.5){(.76)|(.38)|{-23) |(*15) | (.08) } .0k} (.c2) |{.02)

1319 15 J29 yr 169 135 271 Lo |669 11340 [2670 k50 16680
(19) {(10) |(5.0)](3.0)|(2.0)|[(1-0)|(.50) }(.30) (.20} {(.20)|(.05){(.03) (.02)

»ju fi9 |3t |6 |ee |k 537 |800 12600 |3200 {5330 |8000
(22) |(32) |16.2){(3.6)|(2.8)|(1.2) ?261) 7){(-28)(.12)(.06) [(.04) |(.02)

15113 |22 bo 65 % 191

(.
62 928 [1860 |3710 [6180 (9280
(25) |(13) §(7.0){(k.2)](2.8){(1.4) % 69) (.h2)](.28){(.1h) ?-07) (.0%)}(.03)

3
3
ke
6 | los fus |t |9 |26 frer 1050 (2110 |ke1o. |7020 {10500
(30) {(15) |(7.5){(%.6)[(3.0){(2.5)](.T7) ( h6) (.31)](.16){(.08){(.05)|(.03)
791
50
2
>

716 |28 51 {8 |22 |2k JuTT 1180 |2360 |4710 {7850 {11800

(33) |(26) |(8.2)](5.0)|(3.3){(2.7){(.83) ( 0){(.34){(.17){(.08) I 05) |(.03)

8 l18 ST 1 {135 |26T |52 872 {1300 {2600 |5200 8660 {13000

‘ N~ (35) 87) (9.0) ?s.u) (%-5) (1.8) ?.;3(9) (.54) (?36) (.18) ? 09){(.05) |(.0k)

‘ 20 v {62 {100 |t leo2 {576 |osk |rheo |2840 {5680 {9k70 [1h200

(36) ?18) (9.3){(5.7) |(3.7)|(2.9)|(.9%) (.57) (.38)(.19){(.10){(.06) |(.Ok)
10 le2 137 |70 |1mx [ |316 |62k [1030 |15k0 |3080 16160 |10300 15400

(38) {(19) {(9.5)|(5.7){(3.9) ?2.0) (1.0) [(.60) {(.40)|(.20)(,10)[(,06) |(.Ok)

la 23 |4 |76 |19 fir5 (3w |672 {1110 1660 [3320 |6640 111100{16600
(ko) {(20) [(9.8)[(6.0) |(k.0){(2.1) (1.0)](.62) |(.42)|(.21)1(.20)[(.06)|{.0k)

12 25 |43 |82 |[128 |87 (365 |720 (1190 [1780 3560 {7110 '|11900{17800
(42) {(20) [(10) }(6.2) |(k.2)|(2.2)[(2.1) (.64)}(.43) (.22) (.21)f¢.06) (.0k)
13 |27 45 86 136 |e00 389 |[768 |1270 [1900 3790 7580 - | 12600 |19000
(42) |(21) |(10) |(6.4) [(.3)|(2.2)[(1.1)](.66) |(.k5)[(.22) (.ax)|(.o7)|(.05)
11k j29 {48 |91 |45 b1o |w13 815 |1350 |2020 {4030 8050 |1340Q120100
(b)) |(22) [ (1) |(6°5) [(x.m){(2-3) {(1 ) |(.68) [(.46)1(.23)|(.11) (.07)|(.05)

15 131 51 {97 153 ol |437 |863 1430 [2130 4260 |8520 14200 21300 :

(us) {22y |(an) |(6m) [(6.6) [(2.8) [(1i2)|(.70) [(Br) | (.24) | (,22)| (.07) |(.03).

+2(t) x 100 products in parentheses are for P(A) = .95 (or more)

-49-




TABIE 3e

Teble of Sampling Plans for B = 1 1/3

n

+Z(t) x 100 Product for Which P(A) = .10 ( or less )

100

50

25

15

10

]

2.5

1.5

11.0

0.5

0.25

0.15

0,10

L
(1.6)
6

(8.6)

9
(13)
11
(19)
13
(24)
16
(26)

7
(.97
11

(%.3)

15

(7.2)

20
(9.8)
al
(12)

28
(13)

13
(.52)
22
(2.1)
30
(3.8)
38
(5.0)

b5
(6.0)

52
(6.9)

21
€32)
36
(1.3)
49
(2.3)
61
(3.0)
Th
(3.6)

85
(k.2)

3L

( .22)

53
(.90)

72
(1.5)

.0)

109
(2.4)

127
(2.7)

62
(.11)

105
(.h5)
14k

(.75)
181
(.99)
217
(1.2)
252
(1.%)

123
(.05)
209
(.23)
286
(.38)
360
(.51)
430
(.61)

k99
(.70)

206
(.03)
348
(.13)
k76
(.23)
597
(.30)
71k
(.37)

829
(.42)

308
(.o2)

521
(.09)

T12
(.15)
8ol
(.20)
1070
(.25)

1240
(.28)

616
(.01)

1040
(.oh)

1420
(.08)

1790
(.20)

2140
(.12)

2480
(.14)

1230

2080
(.02)
2850
(.oh4)
3570
(.05)
4270
(.06)
%960
(-o7)

2060
3470
(.o1)

1750
(.02)

5970
(.03)

7140
(.o4)

8280
(.04)

3070

5190

(.01)
7100
(.on)
£910

(.02)
10700
(.o02)

12400
(.03)

10

18

1 (29)

20
(32)
22
(35)
2&
(37

26 -
(38)

.32 -
(1%)

(36)
16)
39
(17)
43
(18)

w7
(18) ¢

60
1(7.6)

67
(8.3)
T
(8.8)
81
(9.2)

90
(9.4)

v
(4.6)
109
(5.0)
120

(5.3)
131
(5.7)
s
(5.7)

1k
(3.0)
163
(3.3)
180
(3.5)
197
(3.7)
213
(3.9)

286
(1.5)

320
(1.6)
359

(1.7)
386

(1.8)
kg
(1.9(

567
(.77)

634
(.83)

699
(.89)
765
(.9%)

1829

(.99)

okl
(.4€)
1050
(.50)
1160
(.54)
1270
(.57)
1380
(.60)

1410
(.31)
1580
(.34)
1740
(.36)
1900
(.38)
2060
(.%0)

2820

5630

(.15)}(.08)

50
17)

3470

(.28)

3800
(.19)

4120
(.20)

6290
(.08)
6950
.09)
7600
(.09)
8240
(.10)

9400

(.05)
10500
(.05)
11600
(.05)
12700
(.06)

13800
(.06)

14000
(.03)
15700
(.03)
17300
{.o4)

18900
(.o4)

20500

(.0k)

11

12

1k

15

29
(38)
31
(ko)

33
(42)

|

7
k5)

5
(19)
55
(20)
58
(21)

62
(21)

€8
(22)

9t
(9.7)
10k
(20)
11
(10)
18
(11)
125
(11)

156
(6.1)

167
(6.3)

178
(6.5)
189
(6.6)

(6.8)

200 |2

230
(%.0)

246
(k.2)

262
(&%)
279
(k.5)

25
(4.6)

451
(2.0)
483
(2.1)
215
(2.2)
skt
(2.2)

578
(2.3)

893
(1.0)

957
(1.0)

1020
{(1.1)

1080
(2.1)

1150
(1.1)

1480
(.62)

1590
(.64)
1690
(.66)
1800
(.68)
1900
(.70)

2220
(.k2)
2380
(.43)
2540
(.45)
2690
(.46)
2850
(.47)

Luko
(.21}

750
(.22)

5070
( 022)
5380
(.23)
5690
(.23)

8880
(.10)

9510
(.11)
10100
(.1)
10800
(.11)

11400
(.12)

14800
(.06)

15900
(.06)
16900
(.on
18000
(.o7)
19000
(.o7)

22100
(.ok)

23700
(.o4)

25300
(.o4)
268¢0
(.o4)

28400
(.05)

tZ(t)vx 100 products in marentheses are for P(A) = .95 (or more)

-50-




@

TABLIE 3f

Table of Sampling Plans for B = 1 2/3

n

£z(t) x 100 Product for Which P(A) = .10 (or less)

100

50

25

15

10

6.5

5.0

4.0

2.5

1-5

1.0 (0.5

0.25

.

(2.1){(1.0)

T 14
(9.0) [(4.4)

10
(15)

o)

16

(23)

19
(26)

19
(7.5)
2k
(10)
29
(22)
34
(13)

16
(.53)
27
(2.2)
37
(3.8)
iy g
(5.0)
56
(6.1)

65
(1.0)

26
(.32)
Ly
(1.3)
60
(2.3)
¥ ()
(3.0)

91
(3.7

106
(&.1)

39
(.21)
66
(.89)

90
(1.5)

1123

(2.0)

136
(2.%)

159
(2.7)

39 T
(.14)
100

(.58)
138
(.99)

175
(1.2)
209
(1.5)
242
(1.7)

f
(.11)
130
(1)
180
(.75)

o206
(1.0)

271
(r.2)

31k
(1.4)

96
(.09)
164
(.36)

22l
(.61)

o 89
(.82)

{%58)

| ?3%1)

155

(205

261

(.23)
?57 59
.38)

Lhg

(.51)

237

(.61)

623

(.70)

1257
434

Thé

892

{3v5 768

(.03)}(.02)(.01)

651 {1300

(213)| (o) |(-0k)

1770

L 1890
(.23)|(.15)|(.08)

11120 12230

{.30)1(.20)}(.20)

1340 2660

(231)((-25){(.12)

1040 1550 3090
(42)|( 8) .14)

1540

-

2590 -
(.02)
3550
(.oh)
kS50
(.05)
5330

6180

(.o7)

21
(30)
2k
(32)

(35)

29
(371)

10f 32

(37)

39
(15)
L
(26)
48
(17)
52
(18)

v
(19)

4
(7.6)

|8

(8.5)
91
(9.0)
100
(9.4)

m
(9.4)

120
(%.7)
135
(%.9)

149
(5.4)
165

(5.5)

179
(5.9)

181
(3.0)
202
(3.3)
e23
(3.5)
akh
(3.7)
265
(3.9)

275
(2.0)

308
(2.1)

o)

T1

2.4)
403
(2.5)

356
(1.5)

398
(1.6)
440
(1.7)
481
(1.8)
521
(1.9)

Lih
(1.2)

(1.3)

8
?i.h)

599
(1.5)

1650

(1.5)

o1

)

ko6 |T91
(.83)

873

(.89)[(.54)[(.36)
1590 (2380 4740
(.57){(.38)](.19)
1720 -|2580 {5140
(.60)|(:50) |{.20)

95k
(.9%)

1030

(.99)

1180 1760 %510
(46) (. 31)

1310 (1970 {3930
(.50){(.34) ?

1450 {2170 |4330

15)
17)
(.18)

7020
(.c8)

ZBSO

8630
(.09)
gkT0
(.09)

10300
(.10)

11

"
39)

(i)

13| 3

9
| (43)

W 42

15

(43)

(45)

(19)

69
(20)

T3 .
(20)
78
(21)

82
(21)

61 - {119

(9.9)
128
(20)

136
(10)
145
(1)

153
(11)

193
(6.1)
207
(6.3)
220
(6.5)
23k
6.7)

24T
(6.9)

285
(4.0)

305
(k.2)

326
(4.%)

346
(k.5)

ls)

1434

(2.6)
465
(2.7)
Lo6

(2.8)
526

(2.9)

557
(3.0)

- |562

{(2.0)
602
(2.1)

642
(2.2)

681
(2.2)

{721

(2.3)

700
(1.6)
750

(1.7)

800
(1.7)

8o
(1.8)

898
(1.8)

1110

1190

(1.0)

1270
(1.1)

1350

(2.1)

1430

(2.1)

1850|2780 {5530
(1.0){(.62
1980 {2970 ]5930

(.64)](.43)|(.22)
2120 |3170 |6320

(.66)(.45)[(.22)
2250 |[3370 {6710

(.68) [(. h6),( .23)
2380 13560 7100
(. 70) 47)1(.23)

| he)|(-21)

11100

(.10)

11900
(.11)

12600

(1) |
13400
(1)

14200 | -
(1) |

+2(t)

% 100 products in parentheses are for P(A) =

-51-

.95 (ér more)




wais 36 . ®

Table of Sampling Plans for B = 2 .

n

tZ(t) x 100 Product for which P(A) = .10 (or less)

100 |50 25 15 10 6.5 |5.0 (k.0 |2.5 .~l.5 {1.0 10.5 ]0.25

o|5 |10 | % |13 |oe |us |85 [308 |ue2 [ozr |18
(2.0){ (1.0)] (.54) %%33) (.22)](.14) (. 22){(.09)((.05)[(.03){(.02)|(.01) -~

{9 16 53 9 |120 {158 [196 [313 (521 |780 |1560 |3120

(8.4)| (4.5) 22-2) (1.3) 1-90) (.59){(.ub)](.36) 2-23) (.23)[(.09)](.0o%)|(.02)
12 |23 |4 (72 108 166 [216 |269 (429 |Ti2 (1070 |2130 |4260
(14) 1(7.5){ (3.8)[(2.3)](1.5){(.98)| (.75)|(.61)|(.38){(.23)|(.25)|(.08){(.OK)

15 |2 1 1 209 (271 8 |(89k {1340 {2670 |5340
3 Boy | T10) | B.0)| B.0) [y 003 oo | Ther [ B30y | 300 (20| €210 | o)
18 3k |66 1109 1163 |250 L 4ok |64 11070 [1600 |3200 [6400
(24) 1(12) | (6.2){(3.6)|(2.4)](1.5) 25.2) (.98)|(.61)|(.37)|(.25) ??12) (.06)
22 |4 71 la27 [190 290 |376 |u68 I |1280 |1860 [3720 [Th20
4 (27) 1(23) [ (7.0 (h.2){(2.7){(1.8)] (1.4){(2.1){(.70)|(.h2)|(.28)] (.14)I(.07)

25 45 88 |i43 |216 |329 |he7 |532 848 (1410 |2110 |4210 {8430
(29) |(15) | (7.7)| (&.7)](3.0)|(2.0){(1.5)1 (1.2)| C.77)|{(.46) |(.31){(.15)|(.08)
28 |51 198 1163 |2k 1368 k77 |59k 948 1580 |2360 |4710 |9k20 .
(33) {(16) [ (8.%)] (5.0){(3.3){(2.1)] (1.6)|(1.3)](.83)|(.50)|(.34)|(.17)|(.08) —
31 |57 {109 {180 |266 {406 {526 |656 |1050 [17HO {2600 {5200 |10400
(35) |(27) | (8.9)] (5.2)](3.5)](2.3)] (1.7)| (2.4)| (.89){(.5%4)](.36)](.28)|(.09)
34 162 |19 197 {291 lhMh 1575 {717 |114%0 {1900 |2850 |5680 |11400
(37) 1(29) | (9.5){(5.6)[(3.7)|(2.4)| (1.9)[(21.5) [ (.9M){(.57) {(.38)[(.19)|(.09)
?7 {70 1131 (213 316 |482 |62k [TT8 |12k0 |2060 2090 6160 {12300
37) [(28) |(9.7)](5.9){(3.9)](2.5){ (1.9){(2.5)](.99)](.60) |(.40)|(.20){(.10)
1] 40 {75 (1%L [230 340 {519 {672 |838 |1340 |2220 {3330 [6640 [13300
(10) |(19) |(9.9)](6.1)}(k.1)[(2.6)](2.0){(1.6)|(1.0)|(.62)(.k2)|(.21)[(.10)
43 {80 [151 |24 365 556 |[T20 |[898 {1k30 |2380 ?560 T110 |14200
(ko) {(20) | (10) | (6.4)|(k.2)|(2.7)|(2.2)[(1.T)|{(1.0)|(.64) (. u3)|(.22)|(.12)
4 |86 (161 262 ?89 593 |768 1957 {1530 {2540 (3800 {7580 {15200
(42) {(20) {(20) [(6.6)|(h.k)|(2.8){(2.2){(21.T)|(2.2)|(.66)|(.b5)|(.22){(.02)
ko 91 171 {279 (413 |629 (815 {1020 [1620 |2700 {4030 |8050 [16iC0
C(42) {(21) |(11) [(6.8)](k.5)|(2.9)|(2.2)[(1.8)[(1.1)|(.68) |(.46)](.23)[(.11)
96 181 295 |437 666 |862 [1080 {1710 [2850 [42T70 |8520 |1TOCO
(22) j(11) {(7.0){(%.6)](3.0){(2.3)]|(1.8)](1.1){(.70) {(.47)[(.23)](.12)

13
14

15

%2
(uh)

$(Z) x 100 products in parentheses ere for P(A) = .95 {(or more)

-52-




TABLE 3h

. Teble of Sampling Plans for P = 2 1/2

n

$7(t) z 100 Product for Waich P(A) = .10 (or less)

100 {50 |25 15 110 6.5 {5.0 |4.0 [2.5 |1.5 |1.0 10.5 10.25

06 12 |23 |39 |58 89 jua5 [ikk 231 1385 |57T 1150|2300
(2.1)}(1.0) j(.54)|(.33) [(.21) |(.14) }(.22) (.09){(.05){(.03) (.02} |(.01) |-~

111 |20 |40 {66 |98 [150 [196 |2u5 1 |650 |975 |1950 |3890
(8.4)|(4.5) |(2.2)(1.3){(.90) [(.58) [(.45)|(.36) ??23) (.13){(.09)](.0k) ?age)
215 |28 |55 [90 |13 |01 |69 335 |935 1890 1330 2660 |5320

() 1(7.5)1(3.8){(2.3)1(2.5) |(.99) |(.76) |{-62) |(.38) | (.23) |(.15) |(.0B) |(.Ok)

13|19 5 169 |13 |170 [e60 |337 {he1 |67 1120 (1670 (3340 6680
903 [Boy 18200 [1530) [0y ({203 300 | [ 00 |30 (200 {200 [c-05)

423 {4 |82 {136 |ook 404 {504 {803 |1340 |2000 (k00O (7990
(23) {(12) [(6.1)[(3.6)[(2.4) ?iz» (1.2)](.98)|(.61)(.37) ( 25)|(.12) |(.06)

s|26 |49 |96 (159 [237 (361 [u6B 584 1932 (1550 12320 4640 9280

| (28) [(13) |(6.9)[(.1)i(2.7) |(1.8) |(3.4) (2.1)(.10) (. ke) ( 28) (.am) J(.07)

613 |56 lig 181 269 |0 |532 |66k |1060 |1760 2640 5270 10500
(31) |(15) [(7-7)|(5.6)1(30) (2.0} [(1.5){(2.2) [(.7T)| (.46} }(.32) |(.15) |(.08)
713 163 |122 leo2 {300 |b55 |s9b 742 (1180 {1970 11800
1 1(32) {(26) [(8.3)](k.9) %3.3) (3?1) ??..6) (1.3)](.83){(.50) (gg) gegg) (.08)
' 8{37 ‘170 {134 {223 331 |506 |656 (819 {1310 {2170 3260, 16500 [13000

. o (35) |(a7) {(9.0){(5.2)|(3.5){(2.3) {(2.7) (2.4)](.89)|(.54) («36) (.18)[(.09)
9l |76 labr |ews 362 I554 I7AT (895 1430 2380 |3560 {7200 {1h200
(37) [(18) [(9.5)](5.5){(3.T) (2 4) [(1.8){(3.5) |{(.9%)|(.57) ?;38) .19) [€.09)
|4 185 [162 [e65 |393 [600 {178 |971 1550 |2580 13860 [TT00 15%00
(31) 1€18) 1(9.5)(5.8)|(3.9) |(2.5) [(1.9)](1.5) [(.99){(.60) %&O) (.20) (.20)

ulue e L less |wes |evr |83 1050 |70 |ev80 |u260 {8300 [16600
(s0) [(29) 1(9.9)[(6.1) (h-l)H(2.5) (2.0)|(2.6) |(2.0)|(.62) (;1!2.) (?21) (.10)

12|51 |98 {187 [305 |usk |693 1898 1120 [r790 {2970 {4460 8890 (17800
(%0) {(20) {(10) ?6?3) (5.2) |(2.7) [(2.2)|(2.7) |(1.0)|(.64) (»hs) -ge) (.11)

13| 55 (105 [199 483 1739 {957 (1190 (1910 4750 19000

(33) (20) {(10) ?2?5) (k.14)|(2.8) (2.2)}(1.7) |(2.1) 2%66) (.35) ?ugﬂ) (.11)

|58 i |12 46 1513 {784 "|1020 {1270 [2020 |3370 5040 [10100}20100 |
(43) {(21) {(n1) ?6.6) (.5 |(2.9) |(2.2)|(1.8) [(1.2) ?.68) (.46){(.23)|(.11)

15| 62 |17 leon |36 |su3 830 [1080 {130 |eako [3560 5340 |10600{21300
Gy |G [ [Eeaile 6.0 9|08 | ?-70)(h7)('23)(.12)

£Z(t) x 100 products in parentheses are for P(A) = .95 (or more)

-53-




TABLE 31

Teble of Sampling Plans for B = 3 1/3

n

tZ(t) x 100

Product for Which P(A) = .10 (or less)

100

120

25

15

10

6.5

5.0

k.0

2.5

L.5

1.0

0.5

Q.25

1(8.8)

(2.1)
1k

19
(15)
2l

(20)

29
(24)
M

16
(1.0)

27
(h.4)

37
(7.6)

b7
1(9.9)

56
(12)

6
!ih)

1
%-55)
)
72
(3.8)
91
(5.0)
109
(6.0)

127
(6.9)

52
(.33)

87
(1.3)
120
(2.3)
150
(3.0)
182
(3.6)

211
(h.l)

(o)

132
(.90)
180
(1.5)
226
(2.0)
271
(2.4)
?1h
2.7)

118
(.14)

201
(.57)

2716
(.99)

?5?3)

Lk
(1.5)

480
(1.8)

155
(.11)

261
(.45)

357
(.76)
Lo
(1.0)
537
(1.2)

623
(1.4)

193
(.09)
326
(.36)
146
(.61)
560
(.82)
670
(.98)

TT
13)

308
(.05)
521
(.23)
712
(.38)
8ok
(.51)
1070
(.61)
12ko
(.70

513
(.03)
866
(.13)
1190
(.23)
1490
(.30)
1780
(.37)

2070
(.h2)

760
(-02)
1300
(:09)
1770
(.15)

2230
(.20)

12660
(.25) |(

1%8)

la5%0

(.oL)

2590
(.okh)

3550
(.08)

Jkb50

(.10)
5330
.12

6180
(.14)

3070

5190 .

(.02)

17100

(.0k)

8910
(.05)
10700

)[(.08)

12400
(.o7)

107

1(35)

27)
39
(30)

43
(33)

52
(38)

57
(38)

T
(15)

82
(16)

(am) -

100
(18)

A1l
(18)

143
(7.9)

16
"(8?2)

180
(8.8)

196
(9.4)
213
(9.8)

239
(L.6)
268
(%.9)

295
(5.3)
323
(5.6)
50
5.9)

356
(3.1)
398
(3.3)
4o
(3.5)
481
(3.7)
521
(3.9)

545
(2.0)

610
(2.1)

673
(2.3)
736
(2.4)

08
2.5)

T0T
(1.5)

791
(1.7)

873
(1.7)

95k
(1.9)
1030
(1.9)

883
(1.2)

990
(1.3)
1090
(1.4)
1190
(1.5)
1290
(1.5)

1410
(.77)

1580
(.83)

1740
(.89)

1900
(.9%)

2060
(.99)

2350
(.46)
2620
(.50)
2890
(.54)
3160
(.57)

3430
(.60)

3510
(.31)
3920
(.34)
4330
(.36)
h7ho
(.38)
5140
(.40)

7020 .
(.15)
7850
(.17)
8660
(.18)
ok70
(.19)

10300
(.20)

14000
(.08)

15700

{.08) |

17300

(.09) |.

18900
(.09)

20500
{.10)

1

13

1L

69
1(39)
Bo

(i

15 {82

61
(38)

(43)

. 1230

1119 |
(19)

128
(20)
136
(21)
145
(21)
153
(22)

(10)

(5-2)

246 - 14Ok

(10)
262 .
(10)

o

295

(6.4)
4
&%)

1
(6.7)
L8l

(1)

(6.9)

562
(k.1)
602
(4.3)

62
(k.4)

681
(4.5)

Tl
(4.6)

860
(2.6)
921
(2.7)

982
(2.8)
1040
(2.9)

1100
(3.0)

1110
(2.0)
1190
(2.1)
1270
(2.2)
1350
(2.3)
1430
(2.3)

1390
(1.6)

1490
(1.7)

1590
(1.7)

1690
(1.8)

1780

2200
(1.0)

2380
(1.0)

2540
(1.1)

2690
(1.1)

2850

(1.8)

{'ée)

ey

k220
(.66)

4480
(.68)

Lho

(1.1)

(.70)

2230
(k)

5930
(L43)
6320
(.45)

6710
(.46)

7100

11100
(.21)

11900
(.22)

12600
(.22)

13k00
(.23)

14200

22100
(.10)

23700

() |
25300

(.11)

26800
(.11)

28400

(.12) |

£7(t) % 100 products in parentheses are for P(A) = ,

-5k

(.47)

95 (or more)

(.23)

~@®



TABLE 3J

Table of Sampling Plens for f = 4

n

tZ(t)

% 100 Product for Which P(A) = .10 (or less)

100

65

50

25

15

10

6.5

5.0

4.0

2.5

lcs

1.0

0.5

10
(2.0)

16
(5.0)
23
()
2
(20)
3k
(24)

40
(27)

15
(1.3)
25
(5.7)
3k
(9.8)
43
(13)
52
(15)
60
(18)

19
(1.0)

32
(4.5)
4l
(7.%)

25
(20)
66
(12)

77
(14)

37
(.55)
63
(2.2)

87
(3.8)

109
(5.0)
130
(6.0)

153
(6.8)

62
(.33)
105
(1.3)
1k
(2.3)
181
(3.0)

217
(3.6)
252
(k.2)

92
(.22)
158
(.89)
216
(1.5)
271
(2.0)
324
(2.%)

316
(2.8)

k2
(.14)

241
(.58)
330
(.99)
Ly
(1.3)

ko6
(2.5)

315
(1.8)

185
(,11)

31
(.i5)
429

(.76)

538
(1.0)

6Lk
(1.2)

T47
(1.%)

231
(.09)
391
(.36)
535
(.61)
671
(.82)
803
(.98)

932
(1.1)

?70

.05)
62k

(.23)
854

(.38)
1070
(.51)
1280
(.61)
1490
{.70)

616
(:03)
1040
(.13)
1420
(.23)
1790
(.30)
2140
(.37)
2480
(.42)

Rl
(.02)

1560
(.09)
2130
(.15)

2670
(.20)

3200
(.25)
3710
(.28)

1840
(.01)

0
{.oh
4260
(.08)

5340

(.10)
6400
(.12)
Thot
(.14)

45
(31)
51
(33)
57
(35)
62
(37)

0
37)

68
(20)

T6
(21)

8L
(23)

92
(25)
103

1(25)

88
(15)

98
(16)
109
(7).
119
(19)
131
(19)

17h
(7.5)
194
(8.3)

286
(%.7)

320
(5.0)

214 1353

(8.7)

123k

(9.3)

254
(9.8)

(5.3)

?2?6)

419
(5.8)

ot
(3.1)
Y17
(3.3)
526
(3.6)
515
(3.8)

624
(4.0)

6
220

T30
(2 2)
806
(2.3)

861
(2.4)

956
(2.6)

848
(1.5)
ou8
i

0
(18)
1140
(1.9)
1240
(1.9)

1060
(1.2)

180
(1.3)

1310 |2

(1.%)
1430
(1.5)

1550
(3.5)

1690
(.77)

1890
(.83)

090
(.89)
2280
(.94)
2k70
(.99)

2820
(.46)

3150
(.50)

348
{osh)

L5n

4120
(.60)

4210
(.32)
k110
(.34)
5200
(.36)
5680
(.38)
6160
(.40)

8430

(.15)
9k20

(.17)
10400
(.18)
11400
(.29)
12300
(.20)

113

e

15
(38)
80
(ko)

86
(k1)

91
(k2)

115 |96

(44)

11 |1k

1
(26)
119
(26)
126

(27)
134

(28)
142

(29) .

(20)
151
(20)
161
(21)
171
(22)
181
(22)

oTh
(10)

293
(10)

i)

&) |

351
(1)

451
(6.1)

483
(6.3)

215
(6.5)

T
(6.7
518
(6.9)

672
(%.1)
720
(%.3)
768
(&.4)
815
(%.5)

862
(k.6)

2030
(2.7)
1100
(2.8)
1180
(2.9)
1250
(3.0)
1320
(3.1)

1340
(2.0)
1130
(2.1)

1530
(2.2)

1620
(2.3)
1710
(2.4)

1670
(1.6)

1790
1.7

1910
(1.7)

2020
(1.8)

21k0

(1.8)

2660
(1.0)

2850
(1.0)

Lhko
(.62)

4750
(.64)

3040 5070

(1.1)

3230
(2.1)

3420
(1.1)

(.66)

5380
(.68)

5690
(.70)

6640
(.h2)
7110
(.43)

580
( 45)
8050
(.u6)
8520
(.47)

13300
(.21)
14200
(.22)
15200
(.22)
16100
(.23)

17000
(.23)

tz(t) x 100 products in parentheses are for P(A) =

-55-

.95 (or more)




TABLE 3k

Teble of Sempling Plans for B = 5

n

tZ(t) % 100 Product for Which P(4) = .10 {

or less) ’

100

65

. {50

Lo

25

15

10

6.5

5.0

4.0

2.5

1.5

1.0

(2.1)
20
(9.1)
28
(15)
35
(20)
L2
(24)

49
(28)

18
(1.%)
t5.8)

L2
(9.9)
53
(13)
64
(15)

h
(18)

23
(1.1)
Lo
(%.5)
55
(7.5)

6
(go)

82
(12)

96
(1%)

29
(.88)

50
(3.6)

68
(6.1)

85
(8.1)
102
(9.8)

119
(11)

L6
(.55)

79
(2.2)
108
(3.8)

135
(5.0)
164
(6.0)

190
(6.8)

17
(.33)
130
(1.3)
180
(2.3)
226
(3.0)
271
(3.6)
31k
(k.2)

115
(.22)
196
(.90)
269
(1.5)

337
(2.0)

Lok

(2.4)

468
(2.8)

178
(.14)

301
(.59)

412
(.99)

517
(1.3)
619
(1.6)

718
(1.8)

231
(.11)

391
(.46)
235

(.76)

6T1
(1.0)

803
(1.2)

932
(1.4)

289
(.09)
488
(.36)
668
(.61)
838
(.82)
1000
(.98)
1160
(1.1)

L62
(.05)

780

(.23)

1070
(.38)
1340
(.51)
1600
(.61)
1860
(.70)

768
(.03)
1300
(.13)
1770
(.23)
2230
(.30)
2660
(.37)

3090
(.42)

1150
(.)
1950
(-09)
2660
(.15)

133k0

(.20)
4000
(.25)
4640
(.28)

10

56
(31)
63
(33)
70
(33)
(37)

85
(31)

18u

(20)

ol
(22)

104
(23)

11k
(25)
126
(25)

109
(25)

122
(16)
134
(18)
k7
(19)
162
(29)

135
(12)

153
(13)

169
(1)

185

1(1%)

200
(15)

216
(7.6)
2l
(8.2)

266
(8.8)

291
(9.3)

?%f?)

356
(4.7)
398
(5.0)
440
(5.3)
481
(5.6)
521
(5.9)

532
(3.0)
59k
(3.3)
656
(3.6)

727
(3.8)
778
(4.0)

815
(2.0)

911
(2.2)

1010
(2.3)
1100

(2.5)

1190
(2.6)

1060
(1.5)
1180
(1.7)
1310
(1.8)
1430
(1.9)
1550
(1.9)

1320
(1.2)
1480
(1.3)
1630
(1.4)
1780
(1.5)
1930
(1.5)

2110
(.77)
2360
(.83)
2600
(.89)
2850
(.9%)

3090
(.99)

3510
(.46)

3920
(.50)
4330

(.54)

Lho |

(.57)
I
{.60)

5270
(.31)
5890
(.3%)
6500
(.36)
7100
(.38)
7700
(.%0)

12
13
1k

15

g2
(39)
98
(40)
105
(k1)
111
(43)

117
(43)

6
(26)

1146

(27)
156
(27)
165
(28)

175
(29)

Ty
(20)

187
(21)
199
(21)
212
(22)

224
(23)

216
(16)
231
(16)
247
(17)
262
(18)

277
(18)

1340

(20)

365
(20)

389
(10)
h13
(11)

L37
(11)

562
(6.1)

602
(6.4)
6h2
(6.6)
681
(6.8)

T21
(6.9)

838
(4.1)

898
(4.3)

937
(4.1)
1020
(4.5)

1080
(%.6)

1280
(2.7)
1380
(2.8)
1470
(2.9)
1560
(3.0)
1650°
(3.1)

1670
(2.0)

1790
(2.1)
1910
(2.2)
2020
(2.3)
2140
(2.14)

2080
(1.6)
2230
(r.7)
2380
(2.7)
2530
(1.8)
2670
(1.8)

3330

(1.0)

3560
(1.0)
3800
(1.1)
4030
(1.1)
4270
(1.1)

5530
(.62)

2930
(.64)

6320
(.66)
6710
(.68)

7100
(.70)

8250
(.h2)
8890
(.13)
9480
(.45)
10160
(.46)

10600
(.47)

t2(t) x 100 products in parentheses are for P(A) = ,95 (or more)
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TABLE L

‘Table of Hazard Rate Ratios for Values of ¢

Approximate Values for RHR/AHR
(These ratios apply for all values of B)
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Table of Hazard Rate Ratios for t2/t1

z(t,)
(%o /Z(*'1)

2}

1%

1%

| 5ea

.25 5.86 15.6 34.3 112
.50 6.55 18.4 h2.9 1L8

7.26 21.8 s52.7 198
.00 8.00 25.4 64.0 256

.5

326
Lo
509
625

37.9 107

k2.8 125

62 h,25 8.76 29.3 T76.8
3 4.50 9.54 33.h 91.1

3 L.75 0.k
.92 5.00 11.2

2
207
2.8
2

2
5
8
1
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TABLE

Table of tZ(t) x 100 Products for B =1/3

ol & - OV M0
A b .2 OO MO O\ WIN g
o| m ®R< >'94‘.-+-+ A &=
—

" = oo t~ OO OO\
N g & - Dn A VIA InF S e
wl o o ~
O MOV OO MmO N
2R |7 P08 CGd S5A mha ad
m% . N WA INMO N
o - ‘““>o¢">u\u\_:r laXaaks'] YRR - -
o b
= . ‘
[} I~
| 1A — - - D2V4L -0 O0FO O O
— M NN AN A A
o« &
ot m —_— - - -.)qé-)u\ MNOW M~ OV
~ n N NN A HAA
n| 5 M
vl - — - - 20€ ->r-vin WOL LN
L~ 1] ) prip -
2
= o’r?r'w Yoo Neo JUNNN N
S
&)~ - - = = =3¢ [BB RY
o’ A . . < o » AR N
o }]o o e
w |l & ’ N NN
ﬁ a8 - - - = = =3¢ ->0 LR A
1o - ‘
ol K ~ONOY WO
21~ o) - = - - - -« - 4 0 .>3NNTF maQ
g |o o haned . e
2
1 1o
g |olmom )
< | a0 — - - = == - - 38<¢-528 27
S .
ol & o 0 o
B | - ---------5R¢-5% gy
O -
o o ~
0.8 ———--————~—~---9\r9\€—>r-a:l
e N
i o \0
Q
818 | - e a- - 58 8
! . .
58
+ - " o
e hata [0T = (V)3] 9 98 3opoag 00T ¥ (3)Z3
Al M : C _
IZNST PO) | <ML AMM OHH bMa 550 A
aztg otdues

_)9-




TARLE 5b

Teble of tZ(t) x 100 Products for B = 1/2

5. 27
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Table of tZ(t) x 100 Products for B
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Apﬁendix A

Instantaneous Failure Rate as a Life~cuality Criterion.

This appendix describes the instantaneous failure or hazard rete
which is uged as the life-Quality criterion’for itews subject_to the
testing procedures given in this report.

For an arbitrery lifelength distribution defined over 7§_x < ®

(7 is the threshold or locetion parameter) with c.d.f. = F(x), and
p.d.t. - £(x), the failure rate, G(x,T), at time x in proportion or
fraction (multiply by 100 if "percent" instead of “"fraction" is desired)

per T time wnits is (eee sketch),

% + T , »
vG(x,T) =X £(y)dy ; F(x+T) - F(x) 1
[ 2-F(x) ] T ) r(x). . (A1)

In Equation (Al): (i) The integral represents the proportion of the
original items expected to fail from time x to time (x + T) and (ii)
1 - F(x) = R(x) represents the proportion of the original items expected

to survive to time x.
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F(x+T)| -
()| oo

0 , y

Hence (1) /[(ii) * T lgiven by Equation (Al) represents the expected: -
rate of failure at time x for the next T time units. When x = 7, the
threshold or location parameter, G{7,T) is called the initlal failure

rate. Since F(7) = 0, R(?) = 1,

G(7T) =F(r+1T) /T (a2)

For 7 = O, the initiel failure rate is,

a¢(o,7) = F(T) /T, (43)

‘which is a very special kind of failure rate. But Ecuation (A3) is

v 10
used widely to define the failure rate.  (Cf. e.g, Altm&ng; Davis.™~,

-T2~




Page 28

i1 ‘
H-108"", Section 1 A3.2, p. 12, and Meyerslz. However ,this definition of
Tailurc rate is corréct if the underlying lifelength distributien is
e:rponentidd, and-incorrdet for any othen distribution.

To show the gove statement is so, Eouation (Al) mey be re-written as,

R(x) - R(x + T) 1 R(x + T)
6(x,T) = = - [1- 1. (a4)
7. R(x) T R(x) :
‘For the gxponential case, R(x) = exp [-x/6 ], forvx,e > 0; then,
: " /e :
Exponential, G(x,T) = [ l-e 1/ ®="¥T)/T, (a5)

vhich depends only on T and is independant ol X. Furthermnre‘, for
'small values of T/8 , by use of the exponential series ex_pa.ﬁsion and
neglect_ing terms of se?ond and higher orders for '1‘/ 0, (1) =
1-el -1/6 ] £ /6. Then Exponential, G(x,T) = @/)e)/T=
l/ @ = A, which is »often misquoted as the exponentia.l_ failure rate.
(See ‘éonments on the instantaneous failure rate below).

~ The instante.neous failure or hazerd rate (or simply hazard),
z(=), also known as the intensity function,is the 1limiting value of
G6(x,T) as T » 0. Hence,

72(x) = Lim G(x,T), ‘ (a6)
» T-0 ‘

vhich may be worked out for an erbitrary lifelength distribution by
taking such a limit. By recalling the definition of the first derivative

of a function,

TL_i’mo i Fx +TT) - F(x) ) - pr(x) = £(x). (AT)



Hence,
ot
z2(x) = £(x)/R(x), for x 2 7 ;
= 0, otherwise. _ (a8)
The vhysical méaning of the instantaneous failure or hazard rate lies
in the fact_that Z(x) represents the relative failure-propensity or
failure density of an item at age x. In this report, it is adopted
as a measure of life-quality (Cf. Eq. (1)), By its definition, Ecuation
(A8), since R(x) 5 1, 2(x) > £(x) 20 for x = ¥ . As a malter of fact,
1t can be larger thon uwnity. Thue the term hazard "rate" (vhiieh Implies
a proportilon or fraction) given to Z(:) refers only to a "pér unit
time" figure, and is nct necessarily a frectional number.
From Equation (A8), one may derive the original arbitrary life-
length distribution by the steps that follow [ Eouations (A9) through
(415) 1 . Rewrite Equation (A8) into: o . .
a Y
2(x) =F'(=) /R(x) = = R'(x) / R(x) = - = [lnR(g)], -
(49)
which 1is,
a [InR(x) 1 = - 2(x) a-. , (A10)
Integrating both sides over the interval (~w , x) gives,
[7almrG) ] + [falmre) ]--f 25 a -
- . Y ’ -0
o2y &, (A11)

4
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Since for - @ < £ 7, R{x) =1, or In R(xx) = 0 and Z(x) = O,

Equation (All) becomes,

In R(x) = - {x Z(y) &, for x = 7; (A12)
or,

R(x) = exp [ - ix 2(y) ay ) = 1-F(x) for x = 7 .  (AL3)

Hence, the lifelength c.d.f. is,

F(zx) = 1-expl - [Fa(y)dy ] for x 2 7;
Y ‘
= 0, otherwise, ’ (ALk)

and its first derivative with respect to x,

i

2(x) exp [ - [F 2(y) ay ] for x 2 7;
Y

f(x)

0, otherwise. (A15)

i

The foregoing is true for all distributions including
the expohential case., We now turn to our assumed mathematical medel,

the Weibull distribution of the form:

F(x)

o o B
l-exp !l - (ﬁFZ) }J,x2z9n, B>O0;

0, otherwise, (416)

and its p.d.f.,

£(x2)

vy B-1 oy B
B (%) e - () 1, x27, 0,8>0

0, otherwise. (417)

1]

Iu this report, since 7 is assumed to be known,Equation (A16) and

(ALT) are not used. Instead, Equations (A18) and (A19) are referred to
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throughout this report. For 7 known,there is no loes of generality by ‘ .

assuming ¥ = 0. In this case, the Weibull c.d.f. and p.d.f. are, for -

x>0, n B>O0,

- B
F(x) 1-exp [-(x/q) 1, and (a18)

n

1

- B - B
£(x) %(x/n) exp [ - (x/n) 1. (a19)

These were referred to earlier as Equations(l) and (3) respectively. For this

Weibull model, the expression for the failure rate, by Equation (Ak), 1is,

g
x+T
Weibull, G(x,T) = % g 1- exp ['("ﬁ‘ ]

— ) (w20)
exp [-(x/9)" 1

The expression for the instentaneous failure or hazard rate, by

Equation (A8), is,
Weibull, Z(x) = % (x/n)‘a'l , for x 2 O, (a21)

vhich was given before by Equation (5). . ' _ v '
when toe shape parameter f = 1, fhe Weibull dist‘ribution , BEquation

(A18), reduces to the exponential distribution, (sec Ewuation(A5)) with

n = 6. Also, Equation (A20) becoﬁes Equation (A5) and Equation (A21)

will be equal to 1/6 as rema.rked earlier. Furthermore, under the

Weibull case, both Equation (A20) for ¢(x,T) for any fixed T end Equation

(A21) for Z(x) can now be seen as increasing (décreasing) functions in

x when the shape parsmeter P 1is greater (less) than unity.
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Appendix B

Average Hazard Rate as a Life-quality Criterlon

This gppendix describes the average hazard rate which 1s useful
as the life-quality eriterion for any arbitrary lifelength distribution
vhether it be Weibull or otherwise.
The aversge hazerd rate, m(x) is defined as M(x)/x where M(x)
is the cumulative hazard rate defined as, (Cf. Broadbent®3),
M(x) = [*z(y) ay. (B1)
- .

Suppose, as before, the arbitrary lifelength distribution is defined

over 7 S x < » , then the average hazard rate would be,

m(x)

% jx Z(y) & for x> 7,
4

0, otherwise. : (B2)

Garvinlh made good use of m(x) for the Weibull case with 7, the

threshold or location parameter, equai to zero end devised a novel
graphiéalvmethod for analysing among other things the failure data of
gas turbine blades for Jjet engines; |

In acceptanée sampling, the notion of average hazard rate is
particularly‘useful vhen the instantaneous failure or hazard rate,
7Z(x), of the lifelength distribution changes monotonically in time--
such as doss a Weibull distribution with shape parameter § other than
unity. This was seen in Example (8) of this report.

Combining Equation (Bl) with Equation (Alk), we have,

F(x) = 1 - exp [«M(x)] =1 - exp [-x-m(x)]. (B3)
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From Equation (AS5), the exponentisl F(x) = l-exp [-x/8] = l-exp [-:x],
for x, 6, M > 0, one may interpret m(x) by comparing the exponential
c.d.f. with Equation (B3) and noting that m(x) is that average hazard

over the time period x such that,
n(x) =1/6 = \. (Bl)

Or inversely, we may define the hazerd-breakeven tinme, t)V , as the

solution of Equation (BL) for any specified value of X, thus,
To= ot 5
a o= m (M), (B5)

where m-l is the usugl inverse function of m. This was also illustrated
in Exasmple (8).
Equation (B3) may also be re-written as Equation (B6), and Equation

(BL) as Equetion (BT), thus,

M(x) = -In [1-F(x) ] = - 1n R(x) ‘ (86)
and,
Z(X) = ag— [M(X)] = m(X) + X a—i;— [m(x)] (Br‘r)

These relationships facilitete the estimation of the cumulative hazard
rate, M(x), and hence the average hazard rate, m(x), as well as the
hazerd rate, Z(x), from the fellure date under any arbitrary lifelength

distribution by writing Equation (B6) in the following form :

x - mf{x) = M(x) = exp [1nbM(x) ]

e1n[-1n(1-F(x)) J . (58)
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The negative values for the exponent in[-In(1-p')] appearing in the
last membér of Equation (B8) are tabulated in Teble 2 of the National
Bureau of Standards Tables> for p' = .0001 (.0001) .0050( .001) .9880
(. 0001) 999&0( 00001) .99999. Estimates for p' = F(x) from failure
data are discussed in Appendix B of Goode and Kao. 15 A useful
. approximation which can be derived from the logarithmic expansion of
Equation (B6), is M(x) = F(x) for small values of F(x), say 10% or
less, with two decimal places in accuracy.

A grephical method for estimating the average hazard rate, m(x)
as a .fu.nction of x for any arbitrary lifelength distribution is avail-
" able. 'The methoﬁ will involve the use of Weibull probability paper of
the first kind mentioned in the reference (for ¥ known)ls. After
having plotted the fé.ilure data (grouped or ungrouped) into the so-called
Weibull i)lot {not necessarily a straight line, since the distribution
is arbitrary)the graphicel estimates of m(x) for ény x mey be obtained
in the menner to be described.

The reason that the Weibull probsbility paper can be used non=-
perametrically is the following:

Equation (B3) giving the arbitrary lifelength c.d.f. in terms of

m(x), inay be re-written as:

In In [1_-17%3?)—] - -ln[-E]('}-c-)-HJnx (29)
vhich is in the formof y = =~a + 2, an equation giving a straight

line wi-bh slope = 1 on the Weibull probability paper2 with the Y-intercept
being the estimate of -ln [TT] Since the slope of Equation (B9)
is unity, its X-intercept will also estimate 1n { m)— ] . Furthermore,

since the auxilliary bottom X~-scale is calibrated in patural logarithms,
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the estimate [1/m(x)] may be reed off the auxilliary scale directly.

This procedure is illustrated by the followilng sketch. -
1
Inx ‘ ln(m(x))
l A
(0,0) (3,0) -/
i
Parallel A//’
(0,-1) FEEEEETN - 1&
- Titted Weibull Plot
~ \‘\_./—/_‘ ' .
F(;{, }4 > - St e s s . o
~ A . b (x,8(x)) -
= M(x In 1n o=
(1£=10%) J ' =1n M(x)
! SO !
’ m( x
The steps for getting the estimate of m(x) for a given value of .

x are' (Refer to Ka02 for scale designations of the Weibull probebility
paper):
1) Choose & point X along the suxilliary {bottom) X-axis
| and erect over itavertical line cutting across the fitted
Weibull plot at point (x, §(x) ). The coordinates of
this point are in reference to the auxilliary scalés.
2) Through this point pass a stralght line parallel to a
line sdjoining pts. = (0,1) and (1,0), both in reference
to the principel scales.
3) The X-intercept of the above straight line estimates
In (-ﬁr%7~ ), with values to be read off the top principsl

scale.
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4) Dropping a vertical line from this X-intercept cutting
across the bottom suxilliary scale gives the value i/;:(x) ,
which is the reciprocal of the estima‘ce for m(x)
5) 'Repeat Steps (1) through (4) for each value of x for which
n (x), the estimate of m(x) 1s desired. '
T£ .will Le noted that if the Weibull plot happene to be a straight
line with slope equal to unity, i.e., the exponential cese, then the
value m(x) produced by the above steps will be the same value independent
of X, & result vhich is to be expected of the exponential distribution.
Also the value l/m(x) read off the graph is the estmated meen life by
the interpretation given_ by Kaoa. This latter result is ‘aJ.so unique for

the exponential distribution. Figure 4 shows a Weibull plot given by

" Dalman and Kaol® which elso sppeared in Walsh and Psaor! (p. 21), with

the estimate of 1/m(x) for six values of X.

i x; (in hrs.) 1/1;1(xi) (in hrs.) m(x) (:Ln failure/
1000 hrs.)

1 15 1,450 6897

2 60 14,900 .20k

3 150 - 9,600 .10h2

4 750 16,000 .0625

5 2,450 9,600 ..ok

6 4,900 v 4,900 : 2041

 Figure 5 shows a plot of m(x) vs. x for the four intermediate points.

It is interesting to note the "bath-tub" curve which is g0 cha.racteristic
of the failure pattern of many electronic and mechanical components a.nd

systems,
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